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Real Analysis






Chapter 1

Introduction

Al is like how a chocolate
croissant is... Irresistible

Joseph H.G Fu

The natural numbers are the
work of God.

Leopold Kronecker

Sets are like machine code, its
one of the ways you can have it,
but you will never catch me
talking about categories.

Joseph H.G Fu

You can’t get anywhere in life
without desire.

Joseph H.G Fu
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Do not have a belabored proof.
If you are able to convince
yourself and show you
understand what is happening,
then there is nothing more that
is needed. Many undergraduates
write too much that it makes me
less convinced.

Joseph H.G Fu
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* First part: Undergraduate Studies. We follow Abbott Chapter 1-7.
* We follow Abbott ‘Understanding Analysis’:

— Chap 1 ‘The Real Numbers’

— Chap 2 ‘Sequences and Series’

— Chap 3 ‘Basic Topology of R’

— Chap 4 ‘Functional Limits and Continuity’
— Chap 5 ‘The Derivative’

— Chap 6 ‘Sequences and Series of Functions

— Chap 7 ‘The Riemann Integral’
e Second part: Semi-Graduate Studies. We follow Abbott Chapter 8 only.

* 20 graduate problems (solve them during the semester) No feedback during the semester,
but asking questions is allowed. Working together is allowed.

* Exam (1 paged cheat-sheet, closed book, fresh dissimilar questions)
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Chapter 2

The Real Numbers

2.1 Some Preliminaries

Lesson 1: Day 1 - Wednesday 13 August 2025 09:10

Though things arise naturally out of studies like Algebra, some claim that we need to go beyond
such, and apply some intuition and 'analytical’ prowess to find ideas from what may seem abstract
or uncorrelated. Real Analysis gave foundation and birth to many different fields we know today,
including most of the applied math workforce, such as Chemists, Physicists, Biologists, Meteorol-
ogists, and so forth. But within math, also optimization, complex analysis, differential equations,
differential geometry, and so forth. It is essentially a cornerstone of mathematics, regarded by
many.

[2.1.0.1] DerFiNIiTION (Real Numbers). The complete ordered field that contains Q.

[2.1.0.2] DEFINITION (Rational Numbers).

Qz{%:a,bEZ,b#O}

[2.1.0.3] DeFINITION (Integers).
Z={+n:neN}uU{0}

[2.1.0.4] DEeFiNITION (Naturals).
N={1,2,...}

13
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[2.1.0.5] ExampPLE (Another Defintion of Rationals). It can be said that the rationals can be
defined like the following.
Q=2Zx(Z\{0})

[2.1.0.6] REMARK. Note that when were asserting Q, then we were unable to use the defining
operator : :=.

[2.1.0.7] CoroLLARY. Suppose we have (a,b), (a, ) € Z x (Z\{0}). Then (a,b) ~ (a, B) if and
only if ab = ap.

Proof. I

[2.1.0.8] DeriniTION (Equivalence Relation). Equivalence relations have three properties.
Reflexivity, Symmetry, and Transitivity. The reflexive property holds (a,b) ~ (a,b) is true.
The symmetric property holds if (a,b) ~ (a, ), then (a,B) ~ (a,b). The transitive property
holds if (a, b) ~ (a, B) and (a, B) ~ (c,d), then (a, b) ~ (c,d). Prove this property for Exercise 1.

[2.1.0.9] REMARK. Hence, we can define the rationals as the following.
Z x (Z\1{0})

~

Q:=

[2.1.0.10] DerFiNITION (Equivalence Class).
[(a,b)] + [(a, B)] = [(aPf + ab,bp)]

[2.1.0.11] ProprosITION (Addition is well-defined.). Given (a,b) ~ (¢,d) and (a,B) ~ (y,9),
then (af + ab, bp) ~ (cd + Bd, dd). Prove this for Exercise 2.

Proof. U

[2.1.0.12] LeEmMA (Irrationality Proof). There is no g € @ such that g = 2. We call this, v2
irrational.

Proof. Suppose for the sake of contradiction, if g = % a,be 7 and a,b coprime, then g% =
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a

2
=2. Thus a? = 2b?, then a? is even. Furthermore, a = 2k for some k € Z, therefore a® = 4k°.
O

b2
Hence, b? is even, which contradicts our coprime assumption.

[2.1.0.13] REMARK. The direct statement of this lemma is: If g> =2, then g ¢ Q. A contra-
positive of this lemma is: If g € Q, then g% # 2.

2.2 Axiom of Completness

Lesson 2: Day 2 - Friday 15 August 2025 9:10

[2.2.0.1] DeriNITION (Ordering Property).Given a, b € R, either
a>b

@ =
a<b.

[2.2.0.2] REMARK. Field R is complete, which means it has the least upper bound (l.u.b)

property.

[2.2.0.3] DerFINITION (L.u.b Property).If ScR and S is bounded above, i.e. there is a C € R
such that C = x for all x € S, then there is some a € R which is the least upper bound for S.

This means a < C for all upper bounds C of S.
a :=sup(S)

[2.2.0.4] CoroLLARY. The greatest lower bound property follows.

Proof.
B :=inf(S)

[2.2.0.5] COROLLARY.
inf(S) = —sup{—-x:x € S}.
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Proof. Prove this as an Exercise. O

[2.2.0.6] REMARK. This is a convincing proof for Dr. Fu, but for now we must still be able to
prove it.

[2.2.0.7] CoroLLARY. The Archimedian Property of R states: For any x € R, there exists
n e N such that n > x.

Proof. Suppose for the sake of contradiction, there is no n > x. Then N is bounded above.
Let a :=sup(N). Since a—1 < a, then @ —1 cannot be an upper bound for N, so thereisa meN
such that @ — 1 < m. Thus a < m+ 1, which contradicts that a is an upper bound. OJ

[2.2.0.8] REMARK. The direct statement of this corollary is: If x € R, then there exists neN
such that n> x. A contrapositive of this lemma is: If there is no n € N such that n > x, then
x¢R.

. 1
[2.2.0.9] CoroLLARY. For every real € >0, there is an n € N such that — <e.
n

. . .. . 1 1
Proof. By the archimedian principle, there exists n € N such that n > — thus — <e. O
€ n

[2.2.0.10] ReEMmARK. The direct statement of this corollary is: If € > 0 is real, then there

. 1 - : . 1
exists n € N such that — <e. A contrapositive of this lemma is: If — = ¢ for all n e N, then
n n
e=<0.

[2.2.0.11] LeEmMA (Ordering of Squares). a,b€R, a,b>0, a< b if and only if a® < b?.

Proof. Prove this as an Exercise. I

[2.2.0.12] CoroLLARY. There is a real number x > 0 such that x% = 2.
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Proof. Define S:={y € R: y? < 2}. By the previous lemma, S is bounded above. Suppose
a :=sup(S). Suppose a? < 2. Then there is £ > 0 such that (a +¢)? < 2. Then:

(a+€)2:a2+2a£+£2<2.

Thus a + ¢ € S, contradicting that « is an upper bound. Suppose a? > 2. Then there is £ >0
such that (a —¢)? > 2. Then:

(a—e)zza2—2a8+£2>2.

Thus a — ¢ is still an upper bound smaller than a, contradicting minimality. Hence a? = 2.
Uniqueness follows from the ordering of squares. O

2.3 Consequences of Completeness

Lesson 4: Day 4 - Wednesday 20 August 2025 9:10

[2.3.0.1] THEOREM (Complete Exponential Theorem). Define S:={x€eR: x" < ¢}, Sis bounded
above, then set a :=sup(S) and a” = c.

Proof. Suppose a” < c. Then there exists € > 0 such that (e +¢)"” < c¢. Then a + ¢ € S, contra-
dicting that a is an upper bound. Suppose a” > c¢. Then there exists € > 0 such that (a—¢)" > c.

Then a—¢ is still an upper bound of S smaller than a, contradicting minimality. Hence a” = c.
U

[2.3.0.2] DerFINITION (Cardinality of Sets). It is the number of elements in set S.

[2.3.0.3] DeriNiTION (Equal Cardinality). Sets have the same cardinality if there is a bijec-
tive function f: A — B.

[2.3.0.4] DerFiNiTION (Countably Infinite). A set is countably infinite if it has the same car-
dinality as N.

[2.3.0.5] DeriniTION (Countable). A set is countable if it is either finite, or countably infi-
nite. Set S is also countable if its elements can be listed as a sequence.
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[2.3.0.6] THEOREM. Z,Q are both countably infinite.

Proof. Z — Define
f@2n)=n
fCn-1)=-n.
This defines a bijection f:N— Z.

Q - Enumerate Q by arranging fractions % in a grid and traversing diagonally, skipping du-

plicates. N

[2.3.0.7] THEOREM (Nested Interval Theorem). Suppose [ay, b1],[az, bs],... is a sequence of
closed bounded intervals in R, which is nested.

[an, byl 2 [an+1,bps1], VR EN

Then: -
Nlai, bil # @

[
=1

~.

Proof. Let A:={aj,ay,...}, B:={by, by,...}. For any b € B, b is an upper bound of A. Thus
sup(A) < inf(B). Since sup(A) = a; for all i and sup(A) < b; for all i, we have sup(A) € [a;, b;]
for all i. Hence sup(A) € N22,[ai, bil. O

[2.3.0.8] REMARK. The direct statement of this corollary is: If [ay, b1],[az, bo],... is a se-
quence of closed bounded intervals in R is nested, then N22,lai, bil # 2. A contrapositive of
this lemma is: If N2, [a;, b;] = 9, then the intervals are not nested.

4 Cardinality

[2.4.0.1] THEOREM. R is uncountable.

Proof. Suppose R is countable, so R = {x;, x, x3,...}. Construct nested intervals [a,, b,] such
that x, ¢ [ay, by] for each n, and [a,+1, by+1] < [ay, by]. By the Nested Interval Theorem,

ﬂ [anr bn] ;é a.
n=1



2.5. CANTOR’S THEOREM

Let x be in the intersection. Then x # x,, for all n, contradicting that the sequence lists all real
numbers. Hence, R is uncountable. O

[2.4.0.2] TueorEM. If A< B and B is countable, then A is either countable or finite.

Proof. N

[2.4.0.3] REMARK. A contrapositive of this lemma is: If A is uncountable, then A ,Q_ Bor B
is uncountable.

[2.4.0.4] THEOREM. I

Proof. f A; are each countable sets for i € N, then U;cn A; is countable. O

[2.4.0.5] REMARK. A contrapositive of this lemma is: If [J;en A; is uncountable, there exists
an A; that is uncountable.

2.5 Cantor’s Theorem

Lesson 5: Day S - Friday 22 August 2025 9:10

[2.5.0.1] THEOREM (Cantor’s Diagonalization Argument). Interval C c R is uncountable.

Proof. Suppose for the sake of contradiction, C is countable, and let ¢y, ¢cy,... enumerate C
such that each c; is written in decimal expansion:

¢ = (11,12, €13 -+ 2)

c2 = (C21,C22,...)

c3 = (c31,...)
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Construct y € R such that y # ¢; for all i

1= ciiz1
Yj3={ ji

0 ,¢j5=1

Then y differs from each ¢, in the k-th digit, so y # ¢, for all k. This contradicts that {c;}
enumerates C. Hence C is uncountable. O




Chapter 3

Sequences and Series

3.1 The Limit of a Sequence

Lesson 6: Day 6 - Monday 25 August 2025 9:10

[3.1.0.1] DeFINITION (Sequence).A sequence on R is a function N — R.

[3.1.0.2] DeFINITION (Sequence Convergence).A sequence (x,) converges to L € R if for every
€ >0 there exists N € N such that for all n> N,

|x,—L|<E€.

[3.1.0.3] CororrARy. This is true if and only if for every m € N, there exists NV € N such that
forall n> N,

1
m

Proof. From the original definition of sequence convergence, one direction is immediate. For

. . . 1
the converse, let € > 0. By the Archimedian property, there exists m € N such that — < e. Then
m

1
for sufficiently large n, |x, — L| < - <€ O

21
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3.3 The Monotone Convergence Theorem and a First Look at
Infinite Series

[3.3.0.1] DeriniTION (Monotonically Increasing/Decreasing). A sequence (x,) iS monotoni-
cally increasing if:

X]=<X2=X3=...
Or x, < x4 for all n e N. Similarly, for monotonically decreasing if x, = x,+;. A function is
monotonic if any of these hold.

[3.3.0.2] DEFINITION (Bounded). (x,) is bounded if there exists C € R such that |x,| < C for
all neN.

[3.3.0.3] THEOREM (Monotonic Convergence Theorem). A bounded monotonic sequence
converges.

Proof. Assume without loss of generality that (x,) is increasing. Let S:= {x, : n e N}. Then S
is bounded above. Let L :=sup(S). We show (x,) — L. Let € > 0. Then there exists x € S such
that xy > L—¢, otherwise L—¢ is an upper bound for S. For all n > N, since (x,) is increasing,
X, =xy>L—¢. Also x, < L for all n, so

|IL—xul=L—x,<E.

[3.3.0.4] ProposiTION. If (x,) — L, then (-x,) — —L.

Proof. Given ¢ >0, there exists N € N such that for all n> N, |x, — L| <¢. Then for all n> N,
|(=xn) = (=L)| = |x,— Ll <e&.
]

[3.3.0.5] ProposrTION. If (x,,) — L, and (x,) — M, then L = M.

Proof.

. . €
Given ¢ > 0, there exist N;, N> € N such that for all n > Ny, |x,—L| < 3 and for all n > N»,

€
|x, — M| < 5 Set N :=max{N;, N»}. Then for n > N:

|IL— M| =[(L-xp)+ (xp— M)
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<|L—x,|+|x,— M|

Since ¢ is arbitrary, L = M. O

[3.3.0.6] ProrosiTiON. If (x,) — L and (y,) — M, then (x, + y,) — L+ M.

L .
Proof. Let Ny, N, € N such that for all n> Ny, |x, —L| < > and for all n > N,
N := max{N;, N»}. Then for all n> N:

|(xn + yn) = L+ M)| = |(xn = L) + (yn — M)|
< |xp— LI+ |yn— M|
& &
L ==
2 2
=E.

€
¥n— M| <3 Set

[3.3.0.7] DeriniTION (Triangle Inequality).
la+ b| <|al+|b]
llal —|bll < |a— bl.

[3.3.0.8] ProposrTION. If x,, — L, then (|x,|) — |L|.

Proof. Let € >0. Then there exists N € N such that for all n> N, |x,, —L| < €. For all n> N:
[lxp| =Ll < |x, — LI

<E.

Lesson 7: Day 7 — Wednesday 27 August 2025 9:10

[3.3.0.9] ProrosiTION. Any convergent sequence is bounded.

Proof. Prove this as an exercise. O
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[3.3.0.10] ProrosrITION. Convergence is a "tail phenomenon". If (x,) = (z,) for n > C, there
exists C € N such that (x,) — L if and only if (z,) — L.

Proof. Prove this as an exercise. O

[3.3.0.11] ProprosiTION. For (x,) — L and (y,) — M, then (x,y,) — LM.

Proof. Let £ >0 be given. Then:
XnVn—LM =XpyYn—XnM+x,M— LM
=Xn(Yn— M)+ M(xp— L)
Let 0 < C € R such that |x,| < C for all n € N. By the first proposition, take N;, N, € N such

£ .
that n > Nj, then |x,—L| < M+ D) Since M may be 0, we add 1. For all n > N,, then

e
—M|<—_ F ln>N:= N, No):
lyn | ST or all n max(N;, N)

|xnyn = LM| = |x(yn — M) + M(x,, — L)|
< |Xul|yn — M|+ Ml x, - L|

&
<|Cl——— +|M|

2(Cl+1) 2(lM|+ 1)
|C| | M|
=E e
2(Cl+1) 2(0M|+1)
3
<eg|l-+-
2 2

=E.

[3.3.0.12] ProrosiTION. For (x,) — L, (y,) — M, if M # 0 and y, # 0 for all n € N then
3 L
(yn) M’

. . . 1 1
Proof. Prove this as an exercise. It suffices to show (y_) = then use the product property.
n
]

[3.3.0.13] ProrosiTION. If (y,) — M # 0, then there exists N € N such that for all n > N,
Yn #0.

Proof. Prove this as an exercise. O
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[3.3.0.14] ProrosiTION. If (y,) is a convergent sequence with M # 0, and y, > 0 for all
neN, then there exists € >0 such that |y,| > e.

Ml M
Proof. Let NeN such that n> N, |y,—M|< |2—| >0 since M #0. Then |y,| > % Now let:

e:= ~min(|y | |yal,....[ywl,
2 2
which is a finite list of positive numbers. Hence the minimum is also positive. O

Lesson 8: Day 8 - Friday 29 August 2025 9:10

[3.3.0.15] ProrosiTION. If y, #0 for all neN and y,, — M # 0, then there exists € > 0 such
that |y,|= ¢ for all neN.

c Y Y
Proof. Let N €N such that for all n> N, |y, - M| < % Then for all n> N, |y,| > % Let
I,

5 )
This is a finite list of positive numbers. Hence ¢ > 0. Therefore |y,| > ¢ for all neN. O

€= min{|y1|,|y2|,...,|yN|,

[3.3.0.16] REMARK. An aside from Dr. Fu, not verbatim: Something I have noticed upon
teaching this class [...] there seems to be a struggle with understanding negation in mathe-
matics. [...] It is fine if you have never seen it or properly learned it, best to come to office
hours to quickly fix this for the rest of this course. ~ Joseph H.G Fu The negation of the
statement (x,) — 4:

(X, —4) < Ve>0, ANeN, Vn> N, |x,—4|<Ee.

Its negation is:
de >0, VNeN, In > N such that |x,, —4| = €.

[3.3.0.17] THEOREM (Bolzano-Weierstrass). Any bounded sequence in R has a convergent
subsequence.

Proof. The proof will be given next class. O




26 CHAPTER 3. SEQUENCES AND SERIES

3.4 Subsequences and the Bolzano-Weierstrass Theorem

Lesson 9: Day O — Wednesday 3 September 2025 9:10

[3.4.0.1] ExampLE (Examples of Sequences).

X, =n, Or 1,2,3,....
1 11
X,=—, Of 1,—,—,.... 3.4.0.2
n=- 75 [ ]
Xp,=(=D", or -1,1,-1,1,.... [3.4.0.3]
1 g 25
X, =D"+—=, or 0,—,——,—.... 3.4.0.4
n=(-1) p. SO [ ]
Xp=n—pu(n), or 0,1,0,1,2,0,1,2,3,....
(n) := max e <n
u(n) = 2o ]= c
1 1 11
Xn=—"—"—" (0)§ 1)_)1;_)_1-
n+1-pu(n) 2 23
n—(" -1
xn:—(z), i <n< m,mzz,
m 2 2
m mm-1) -, 112113
where = 2 ' - or e [3.4.0.5]
2 0, =l 2'3'3"'4’2"4

Both limsup and liminf are limits of convergent subsequences.

[3.4.0.6] THEOREM (Bolzano-Weierstrass). Any bounded sequence of real numbers admits
a convergent subsequence.

Proof. For each n e N, define y,, := sup{x,, : m = n}. Then (y,) is monotonically decreasing
and bounded below. Define
limsup x,, :=lim y,,.

Define liminfx, similarly. Suppose L is the limit of some subsequence (x,,). Then
liminfx, < L <limsup x,.

Let L =limsupX» By construction of yy, for each k e N, we may find m; = k such that

1
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Since yi = x,,, and
1
li ——| =limy,
kggo(yk k) TRk

the Squeeze Theorem implies that x,, — L". The sequence (x,,,) is not necessarily a subse-
quence since (my) may not be increasing. This is fixed using the lemma below. O

[3.4.0.7] LEMMA. Let my, my,... be a sequence of natural numbers such that m; — oco. Then
there exists a subsequence (my,) that is strictly increasing.

Proof. Let n;:=1. Suppose n < --- < n; have been chosen. Since m; — oo, for any C there
exists K such that k=K — my. > C. Take C = Mp; . Define n;.; := K. Then Mp; > My, O

[3.4.0.8] EXAMPLE.

(1) For any enumeration (x,) of Q, every real number is the limit of some subsequence of
(xn).

(2) For any enumeration (x,) of (0,1),

limsupx, =1, liminfx,=0.

Lesson 10: Day 10 - Friday 5 September 2025 9:10

[3.4.0.9] THEOREM (Squeeze Theorem). Suppose (x,), (yn), and (z,) are sequences such that
Zn<Xn<Yn VYnz=N

and z,,y, — L. Then limx, = L.

Proof. Let £ >0 be given. There exists N; € N such that for all n > Ny, |yn —L| < e. There
exists N, € N such that for all n > N», |z, —L| <&. Let N := max{N;, N»}. Then for all n > N,
VYn»2n € (L—€,L+¢€). Hence [z, ynl € (L—¢€,L+¢€). Since xj, € [z, Yul, we have |x, - Li<e. O

[3.4.0.10] THeorEM. The sequence (x,) converges if and only if liminfx, =limsup x,,.

Proof. (<=). Suppose liminfx,, = limsup x, = L. Then for all n, liminfx, < x, < limsup x,,.
By the Squeeze Theorem, x,, — L. (= ). Suppose x, — L. Let € > 0. Then there exists N e N
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such that for all n> N, |x, — L| <¢. Hence forall n> N, L—e< x, < L+¢. Thus for all n> N,
(X, m=ntc(L—¢g,L+¢).
Let y, :=sup{x,, : m = n} and z, := inf{x,, : m = n}. Then for all n> N,
L-e<z,<y,=<L+e.

Hence |y, - L| <€ and |z, - L| < &. Therefore y, — L and z, — L. Thus limsup x,, =liminfx, =
L. |

[3.4.0.11] DerINITION (Diverges). A sequence (x,) diverges to +oo if for every C € R, there
exists N € N such that for all n> N, x, > C. Similarly for x, — —oco.

[3.4.0.12] LEmwmA. Let (x,) be any sequence in R. Suppose there is a sequence (my) < N
such that my — +oo and (x,,,) — L. Then there exists a subsequence of (x,) that converges to
L.

Proof. O

[3.4.0.13] ExampLE. For n; € N with n; < ny <..., then ny — +oo. Choose ny = k for all
k € N.

[3.4.0.14] PrOPOSITION. x, — oo if and only if x,, — oo for every subsequence (x,).

Proof. O
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[3.4.0.15] THEOREM (Bolzano-Weierstrass). If (x,) is bounded, then there exists a subse-
quence converging to limsup x,, = L.

Proof. To construct a sequence (my) in N such that my — oo and x,,, — L, let
Vi = sup{x,, : m= k}.

Then y; — L, by definition. For each k, choose my = k such that

1

ykzxmsz’k_E-
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Since y — L, then
l'm( 1) lim lim !
i ——|=1 —lim—
s k Y k

=L-0

Hence, by the Squeeze Theorem, x,,, — L. O

3.5 The Cauchy Criterion

[3.5.0.1] DerFiNiTION (Cauchy Sequences).A sequence (x,) in R is Cauchy if for all € > 0,
there exists N € N such that if m,n = N, then |x,, — x,| <e&.

[3.5.0.2] ProrosiTION. Any convergent sequence is Cauchy.

Proof. Let £ >0 and choose N €N such that:

£
n>N — Ixn—L|<§
£
m>N — |xm—LI<E.

Then m,n > N implies:
|Xm — Xn| = |Xm — L+ L— Xyl
€ €

<-+-=E€.
2 2

[3.5.0.3] LEmmaA. Any Cauchy sequence is bounded.

Proof. Let N €N such that if m,n = N, then |x,, — x,,| <1. Then for m = N,
|Xml = 1Xm — XN + XN| < | X — xn] + 2N <1+ [|xN].
Hence, for any m € N, we have

|Xm| < max{|xy|+1,[x11,1x2l, ..., [xN]}.
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[3.5.0.4] THeEOREM. Any Cauchy sequence converges.

Proof. Define
Yni=supix,:m=n} and z,:=inf{x,:m=n}.

Let £ > 0. Choose N € N such that if m,n = N, then |x,, — x,,| < €. Set Sy :={x,, : n = N}. Then
for all a, b € Sy, we have
la—b| <e.
Hence
YN — 2y =sup(Sy) —inf(Sy) <e.
Therefore, for all n> N,
O0<y,—zZp<Yyn—2ny=E.
So lim(y, — z,) = 0. Since z, < x, < y, for all n, and since (y,) is decreasing while (z,) is
increasing, both are monotone and bounded, hence convergent. Let
limy,=A and limz,=B.

Since lim(y, — z,) =0, we have A— B =0, so A= B. Hence, by the Squeeze Theorem, (x,)
converges. 0J

3.6 Properties of Infinite Series
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[3.6.0.1] DeriNiTION (Infinite Series). Given a sequence (ay, az, as,...), consider:

o0
Y ap.
n=1

[3.6.0.2] DEeFINITION (Convergence of Series). The series Y% ; a,, converges if the sequence
of partial sums

N
Sy = Z an
n=1

converges. If Sy — L as N — oo, then Y an=L.
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[3.6.0.3] DeFINITION (Cauchy Criterion). The series Y a, converges if for all € > 0, there
exists N € N such that for all m=n= N,

[3.6.0.4] THEOREM. If } a, converges, then a,, — 0.

Proof. O

[3.6.0.5] DeFINITION (Harmonic Series).

5 | =

o0
2
n=1

diverges.

[3.6.0.6] THEOREM. If all a, =0, then ) a, converges if and only if the sequence of partial
sums (Sy) is bounded.

Proof. N

[3.6.0.7] DEeFINITION (Geometric Series). A series is geometric if for some r # 0 and ay # 0,

an+1
=7
an
[3.6.0.8] REMARK. That is
a0+ra0+r2a0+...:a0(1+r+r2+...).
1
Alsotaker:E:
1
l+—+—+—-+...=2
2 4 8

[3.6.0.9] LEmMMA. If |r| <1, then r"* — 0.

Proof. This is equivalent to |r|” — 0. For 0 < r < 1, we have

1=r%>r>r2>r¥>...>0.
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Thus (r") is bounded and monotonic, so it converges. Let r* — L. Then r"*! — L implies
rL=L,so (1-r)L=0. Since r #1, we have L =0. O

[3.6.0.10] LEMMA.

Proof.
N
Z la-n=0+r+r2+...+Ma-n
n=0
=A+r+r%+.. 4+ = +r?+. VN N
Hence
N " 1_rN+l
r =
I’lZO l_r

[3.6.0.11] THEOREM (Geometric Series Convergence). Y r" converges if and only if |r| < 1.

Proof. If |[r| =1, then r" 4 0, so the series diverges. If |r| < 1, then

SN: l_rN+1 ~ ! i ]\III_IEO,.N+1
=7 1-r =7
1
=T
Hence the series converges. Ol

[3.6.0.12] DeFINITION (Absolute Convergence).If Y |a,| converges, then Y a, converges ab-
solutely.

[3.6.0.13] DeFINITION. If ¥ a, converges but Y |a,| diverges, then the series converges con-
ditionally.

[3.6.0.14] THEOREM. If ) a, converges absolutely, then it converges.
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Proof. Apply the Cauchy Criterion. Let € > 0. Then there exists N € N such that for m>n> N,

m
Z lai| < €.

k=n+1
Thus
m m
Yo oakl= ) lakl<e.
k=n+1 k=n+1
O
[3.6.0.15] EXAMPLE.
& (=" -
Y converges conditionally
n=1 N
o0 (_l)n
), —5— converges absolutely
n=1 1

Any convergent geometric series converges absolutely.
1

n| _ n _
Z|r |_Z|r| _l_lrl'
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[3.6.0.16] THEOREM (Comparison Test). Given |a,| < |by| for all n, if }_ b,, converges abso-
lutely, then Y a,, converges absolutely.

Proof. Given ¢ >0, there exists N € N such that for all m>=n=>= N,
m
Y Ibl <e.
k=n

This exists by the Cauchy Criterion. But

m m m
<) lakl= ) bl <e.
k=n k=n

ag
k=n

Hence Y a,, converges absolutely.

[3.6.0.17] LEMMA (Lemma A). If a <limsup x, < b, then there exists N € N such that n > N
implies x,, < b.
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Proof. Let L:=limsupx,. Let N € N such that for n> N,

yn—L| bl
Thus
b+ L
yn<T<b.
But if m = n, then x,, < y,. Hence for all m=n > N, we have x,, < b. O

[3.6.0.18] LEmMMA (Lemma B). If a <limsup x,, then for all N € N there exists n > N such
that a < x,,.

Proof. Let L:=limsupx,. Let NeN. Since yy = L > a, there exists m = N such that x,, > a.
Taking n := m proves the claim. O

[3.6.0.19] THEOREM (Root Test). A series Y a, converges absolutely if
1

L= limsuplanﬁ <1.

It diverges if
1

limsuplanlz > 1.

Proof. Suppose L<1. Let

1+L
L<r=——<1.
2

By Lemma A, there exists N € N such that n = N implies
1
layln <r.
Hence
la,| <r".

Then Y |a,| converges by the Comparison Test, since }_ r” converges. Therefore }_ a,, converges

absolutely. Now suppose
1

limsupla,|n > 1.

Let
1

1+limsup|an|;
2

> 1.




3.6. PROPERTIES OF INFINITE SERIES
By Lemma B, for all N €N there exists n> N such that
1
la,ln > R.
Thus
la,| >R" > 1.
Hence a, / 0. Therefore Y a, diverges. O
[3.6.0.20] THEOREM (Ratio Test). If
limsup e} [ L<1,
an
then } a, converges absolutely. If
liminf Tt M>1,
an
then } a, diverges.
Proof. Suppose
limsup o)l L<1.
an
Let
1+L
e
2
By Lemma A, there exists N € N such that n > N implies
iall
anp

Then

lan+1l < rlanl,
and inductively for all n= N,

|anl < 7" Nayl.

By the Comparison Test, ¥ |ay|r" " converges. Thus ¥ |a,| converges. Hence Y a, converges
absolutely. Now suppose

a
liminf| L = M > 1.
an
Let
1+M
= > 1.
Then there exists N € N such that n = N implies
a
n+1 >R.
an

Hence
|an+1] > Rlayl

35
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for all n > N. Therefore for all k= N,

k-N
laxl =z R " lanl.

Since R > 1, the sequence (a,) does not converge to 0. Hence Y a, diverges. OJ
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Test One Day.

3.7 Double Summations and Products of Infinite Series
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the series

[3.7.0.1] DeFINITION (Cauchy Product). The Cauchy product of two series Y a, and Y b, is

00
Z CN, where CN = Z a,-bj.
N=0 i+j=N

[3.7.0.2] THEOREM (Cauchy Product Convergence). If both series converge absolutely, then
the Cauchy product converges absolutely and

éocN: (oi an)(i bm) = AB.

n=0 m=0

Proof. Consider

Let

Y. aibj| <} lail|bj]

i+j>N
0<i,j
00 00
< Z |ai|Z|bj|+Z|ai| Z |bj|. [3.7.0.3]
i>N/2  j=0 i=0  j>N/2

A=Y lail, B'=Y |bj|-



3.7. DOUBLE SUMMATIONS AND PRODUCTS OF INFINITE SERIES

Let ¢ >0. Since ¥ |a;| and ¥ |b;| converge, there exists M € N such that
5

Y lail<=— and ) |bj|<

i>M 2B’ j>M 2A/

If A’=0 or B =0, then there is nothing to prove. For N >2M, we have

Y |a,|<— and ) |b]|<
i>N/2 2B’ J>N/2 24"
Substituting into [3.7.0.3], we obtain

2. aib

i+j>N

<E.

Hence the Cauchy product converges absolutely.
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Chapter 4

Topology of R

4.1 Open and Closed Sets

Lesson 21: Day 21 - Monday 29 September 2025 9:10
[4.1.0.1] DeriNiTION (e-Neighbourhood). Let € > 0. The neighborhood of x € R is:
Ve(@) ={y:|x—y|<el=(x—¢,x+e).

[4.1.0.2] DeFINITION (Open Set).A set U c R is open if for every x € U, there exists € > 0
such that v.(x) c U.

[4.1.0.3] ExaMPLE (Any open interval is open).If x € (a,b), take ¢ := min{b - x,x — a} > 0.
Then v.(x) < (a,b).

[4.1.0.4] THEOREM (Union of Open Sets). The union of any family of open sets is open.

Proof. Let {Uy}qer be open and suppose x € Uye; Ug. Then x € Uy, for some ag € I. Since Uy,
is open, there exists £ > 0 such that v.(x) c Uy, € Uges Uq- O

[4.1.0.5] ExamPLE (Examples of Open Sets). {0} is not open.

(0,1] is not open.

S
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& is open.

[4.1.0.6] ExamPLE.Let I =N, and {q, g»,...} be an enumeration of Q. For n € N, define
Uy = Vi/2n(qn).
Then U =S, U, is open, and the total length satisfies

© ]
,,;2"—1 =4,

[4.1.0.7] THEOREM (Intersection of Open Sets). The intersection of any finite collection of
open sets is open.

Proof. Let Uy,...,Uy be open and x € ﬂé\i L Ui. Then for each i, there exists ¢; > 0 such that
V¢, (x) € U;. Let € :=min{ey,...,en} > 0. Then v.(x) c U; for all i, hence v (x) cﬂf.‘il U;. O

[4.1.0.8] DeriNiTION (Limit Point).Let E cR. A point x € R is a limit point of E if for every
>0,
(Ve(xo) N E)\ {xo} # @.

[4.1.0.9] ExampLE. If E = (0,1), then every xj € [0,1] is a limit point.
[4.1.0.10] ExaMPLE. {c} is a singleton set, which has no limit points.

[4.1.0.11] DerinITION (Isolated Point).Given E c R, xo € E is an isolated point if it is not a
limit point.

[4.1.0.12] ProrosITION. Given Ec R, xo € R is a limit point of E if and only if there exists
a sequence (x,) in E\ {xo} such that x, — x.

Proof. Suppose x, is a limit point of E. For each n €N, choose x; € v1/,(x) N (E\ {x0}). Then
Xn — Xo. Conversely, if x;,, — xo with x,, € E\{x¢}, then every neighborhood of x; contains some
Xn, hence x is a limit point. O

[4.1.0.13] DeFinITION (Closed). E R is closed if it contains all its limit points.




4.1. OPEN AND CLOSED SETS 41

[4.1.0.14] ExaMPLE. (0,1) is not closed.
{0} is closed.
& is closed.

Z is closed.

{— ‘ne N} is not closed since 0 is a limit point not contained in the set.
n

[4.1.0.15] DEFINITION (Closure). The closure of E, denoted E or cl(E), is the union of E with
all its limit points.

[4.1.0.16] ExamPpLE. (0,1) =[0,1].

{0} = {0}.

[4.1.0.17] ProprosITION. E is closed if and only if E = cl(E).

Proof. If E is closed, it contains all its limit points, so cl(E) = E. Conversely, if E = cl(E), then
E contains all its limit points, hence is closed. O
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[4.1.0.18] THEOREM. U is closed if and only if U° is open.

Proof. Suppose U is open. For all £ >0, v.(x)nU°\ {x} # @. If x € U, then there exists 9 >0
such that v, (x) c U. Take € = g9, we want v.(x) nU # @, but v.(x) c U, so a contradiction
arises. Suppose U° is closed, then let x € (U°)° = U. Then x ¢ U¢ implies there is not a point
of U such that there is an € > 0 such that v.(x) nU°\ {x} = @. Hence, V.(x) c U, since x € U to
begin with. O
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4.2 Compact Sets

Lesson 23: Day 23 - Friday 3 October 2025 9:10

[4.2.0.1]
that

[4.2.0.2]

[4.2.0.3]

[4.2.0.4]

[4.2.0.5]

[4.2.0.6]

DEFINITION (Open Cover). An open cover of C is a family of open sets {U,}4e 4 such

Cc | Us.

aeA

ExaMPLE. Is R a subcover of R? No. A subcover is a family of sets, not a single set.
ExamPLE. If A=7Z, then U,,:= (n—1,n+1). Then {U,},cz is an open cover of R.

ExaMPLE. If Uy := (—oo,1) and U; = (—1,00), then {Uy, U;} is an open cover of R.

1
EXAMPLE. C := {— ‘ne N} has no finite subcover by sets of the form

n
1 1
Un::( , )mIR
n+l n—1

for n =2, together with a suitable open set containing 1.

THEOREM (Heine-Borel). G

Proof. iven C c R, the following are equivalent.

1. C is closed and bounded.
2. Every sequence (x,) in C admits a convergent subsequence whose limit lies in C.
3. Every open cover of C admits a finite subcover.

4. C is compact.

[4.2.0.7] ExamPLE.C':={0}uC.
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Restatement of Heine-Borel.
[4.2.0.8] THEOREM (Heine-Borel). Let C < R. The following are equivalent:

1. Cis closed and bounded.
2. Every sequence in C admits a convergent subsequence whose limit lies in C.
3. Every open cover of C admits a finite subcover.

4. C is compact.

Proof. ((1) = (2)). Given (x,) a sequence in C, it is bounded. Hence by Bolzano-Weierstrass,
there is a convergent subsequence x,, — x*.

[4.2.0.9] REMARK. Since C is closed, every limit point of C belongs to C.

Either x* = x,,, for some k, or x* is a limit point of C. In either case, x* € C.

((2) = (1)). If C is unbounded, then for each n € N, there exists x, € C such that |x,| > n.
Then no subsequence of (x,) can converge, a contradiction. Hence C is bounded. If z is a
limit point of C, then there exists a sequence (x,) in C such that x,, — z. By (2), there exists
a subsequence (x,,) converging to some point of C. Since every subsequence of a convergent
sequence converges to the same limit, we have x,, — z. Hence z € C. Therefore C is closed.

[4.2.0.10] REMARK. Here we take a break from connecting (3).

[4.2.0.11] ExampLE. If C =[0,1], for each x € C, let € > 0, then put U, := v.(x). Hence, {U,}
is an open cover of [0,1].

[4.2.0.12] LEmwmA (How to find an open cover of C.). Let {Ug}qca be some family of open
sets in R. Then there exists a countable set {a;,as,...} € A, such that

o0
U Uq, = U Uq.
i=1

aeA
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Proof.

[4.2.0.13] REMARK. This lemma was confusing to the majority of the class, however, I
will try my best to explain as I feel confident in my understanding.

Let Q:={(p,q):p,q€Q,p < q}. Then Q is countable. Let
Q/ = {(p) C7) € Q : Ha € A’ (p) Q) < Ua}-

Then Q' is countable. Given (p,q) € Q', select ¢(p,q) € A such that (p,q) € Uy(p,q- Thus
{Upp,)} (p,gc0’ i countable.

[4.2.0.14] REMARK. Given that Q is countable, we are trying to find an open cover that
can be comprised of subcovers. Since we have found a countable set of intervals, then
we take a subset of Q with more restrictions. Hence we now have countable subcovers.

If x € UgeaUq, then x € Uy, for some ap € A. Since Uy, is open, there exists € > 0 such that
Ve(x) € Uy,. Choose pe QN (x—¢€,x) and g€ QN (x,x+¢). Then

X€(p,q) S Ve(x) ©Uy,.

Thus (p,q) € Q" and x € Uy(p,4)- Hence,

X € U U(p(p,q)-

(p,eQ’
Therefore
UUec U Uppo-
acA (p,q)eQ’

The reverse inclusion is immediate. So
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Continuation of Heine-Borel Proof. ((2) = (3)). Let {U,}4c4 be an open cover of C. By the lemma,
we may assume A =N. We claim that there exists N € N such that

N
Cc U Ui.
i=1
Suppose not. Then for each n e N, we have

n
c\JUui#£.
i=1
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Choose x, € C such that x,, ¢ U!"_, U;. By (2), there exists a subsequence (x;,) such that x,, — x € C.
Since C < U3, U;, there exists M € N such that x € Uy. Since Uy is open, there exists € > 0 such
that v.(x) c Uy. Since x,, — x, there exists K € N such that k = K implies x,, € v.(x) c Uy. Choose
k large enough such that ny > M. Then x,, € Uy c U?jl U;. This contradicts the construction of
xn,. Hence a finite subcover exists. ((3) = (1)). Suppose C is unbounded. Let U, := (-n,n) for
n € N. Then {U,} is an open cover of C. If there exists a finite subcover, then there exists N e N
such that
Cc (=N, N),

which contradicts unboundedness. Hence C must be bounded. Suppose C is not closed. Then
there exists a limit point x ¢ C. Let

Ul ::I]Q\(x—%,x+%).

Then each U, is open. We claim {U,} covers C. Let y € C. Since y # x, there exists n € N such that
1 <|y-x|. Hence y € U,. Thus {Uy,} is an open cover of C. Since x is a limit point of C, for every
N € N, there exists ze Cnvy,n(x). Hence z ¢ Uy. Therefore no finite subcollection {Uj,..., Uy}
covers C. This contradicts (3). Hence C is closed. [ |

[4.2.0.15] THEOREM (Nested Compact Sets Property). If C; > C, > --- are non-empty com-
pact sets, then

ﬂCi;«é@.

i=1l

Proof. Choose x, € C, for each n € N. Since C; is compact, there exists a subsequence
(x,,) such that x, — x € C;. Fix N € N. For all sufficiently large k, we have n; = N, hence
Xp, € Cy, < Cy. Since Cy is closed and x,, — x, we have x € Cy. Since N was arbitrary, we
conclude

(o]
X € ﬂ Cs.
i=1

4.3 Perfect Sets and Connected Sets
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[4.3.0.1] THEOREM (Nested Compact Sets Property). If C; > C, > --- are all compact, non-
empty, then

ﬁci¢®.

i=1
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Proof. Suppose

)8
(®)
Il
D

Then

Cin = .

M Ci

=2

Thus
o0 € o0
aclne| =yce
) i=2
Hence {Cf}?2, is an open cover of C;. Since C; is compact, there is NV € N such that

N
C1 <= U Cf.
i=2
Therefore
N
Cin ﬂ C;,=0a.
i=2
But since C; > C, o --- > Cy, We have
N
) Ci =Cy.
i=2
Yo)
Cn=9,
a contradiction. N

[4.3.0.2] DEFINITION (Cantor Set). Take

Cy:=10,1],
1 2
Cy = [0,— U —,1],
3 3
1 21 27 8
C3=1|0,—|U|=,=|U|==|U|=1].
9 93 3'9 9

Hence,

1 2 1

All C; are compact since they are closed and bounded. Also C; # &. Then

C::ﬂCi;éQ.

=1l
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[4.3.0.3] REMARK.

1. ¢=3¢u(z+3¢)
3 3 3

2. Length of [0,1]\C is

point of S.

points.

47

[4.3.0.4] DeFINITION (Perfect). S c R is perfect if S is closed and every point of S is a limit

[4.3.0.5] REMARK. Every point of S is a limit point of S if and only if S contains no isolated

[4.3.0.6] ProrosiTiON. The Cantor Set is perfect.

Proof.

2. [a,b] is perfect.

3. The Cantor Set is perfect.

1
1. {Z ‘ne l\l} u {0} is closed, but not perfect.

[4.3.0.7] ExampPLE (Non-example and Example of Perfect Sets).
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[4.3.0.8] THEOREM. Any non-empty perfect set is uncountable.

We construct closed intervals

Proof. Suppose P # & is perfect and let x;, x,... be any sequence of points in P. We will show

P\{xl,X2,...}?5@.

Jishs3>---
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such that:

1. J,nP#3J,
2. Xp¢ Jn,

3. Jus1< Jn.

Since P is perfect, every point of P is a limit point of P. Choose z; € P with z; # x;. Let
€ lI x|
= —lz1 — x1l.
i 5= Sl =
Set
J1:=lz1-€1,21 +€1].
Then x; ¢ J;. Also J1nP # & since z; € J;nP. Suppose J, has been chosen with J,nP # @ and
Xn ¢ J,,. Since J, N P is non-empty and every point of P is a limit point of P, we may choose
Zn+1 € (]n N P) \ {xn+l}-
Because J, is a closed interval and z,.; € J,, there exists §,+1 > 0 such that
[2n+1 —O0n+1,2n+1 +0pn+1l € Jp.
L@t 1
En+l = Emin{|zn+1 —Xn+1l,0 011}
Define
Tn+1 = [Zn41 — €n+1, Zne1 + Ensal.
Then J,4+1 < J, and x,41 € J;,41. Also J,.1 NP # & since z,.1 € J,,+1 N P. Thus the construction
is complete. Since each J, is closed and bounded, it is compact. Since P is closed, each J,,n P
is compact. Also
ShinP>h,NnP>JsNP>---

is a nested sequence of non-empty compact sets. Hence

o0

UnNP)# 9.

n=1
Let
o0
ye N UnnP).
n=1
Then y € P. Also, for each n, since x, ¢ J, and y € J,,, we have y # x,. Therefore
Y€ P\{x1,x,...}.

Hence no sequence can exhaust P. Therefore P is uncountable. O
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[4.3.0.9] DerinITION (Limit of a Function).Let AcR, xo be a limit point of A, and f: A—R.
We say
Jim F0 =1
if for every € > 0, there exists § > 0 such that
0<|x—xp9l<9d, xe A
implies
|fo)-L|<e.
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Chapter 5

Functional Limits and Continuity

5.1 Functional Limits

Lesson 28: Day 28 — Wednesday 15 October 2025 9:10

[5.1.0.1] PROBLEM.

lim x*> =9.
x—3

Solution. Let ¢ >0 be given. We want to show |x?—9| =[x —3||x+3| <. Take § := min{l,g}.
If |[x-3| <6, then 2 < x<4. Thus |x+3| < 7. Hence
|x* = 9] = x—3|lx+3|
<7|x-—3]|
<70

<E.

[5.1.0.2] THEOREM.
lim f(x)=L
X— X0

if and only if for every sequence x, € A, x, # xo, with x,, — xo, we have

r}ggo fxn) =L

51
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Proof. (= ). Let x,, — xo with x,, # xo. Given € > 0, there exists § > 0 such that
0<|x-xl<é = |f0)-L|<e.

Since x, — xo, there exists N € N such that n = N implies |x, — xo| < 8. Hence |f(x,) - L| <e.

(<=). We prove the contrapositive. Suppose lim_., f(x) # L. Then there exists € > 0 such
that for every 6 > 0, there exists x € A, x # xo, with

0<|x—x0l<6

and
|f)-L|=ze.

For each n e N, choose x,, € A such that
1
0<|x,—Xxpl <—.
n

Then x, — xo and | f(x,) — L| = €. Hence f(x,) # L. O

[5.1.0.3] THEOREM. Suppose f,g:A— Rand ceR. If
lim f(x) =L, limg(x)=M,

then:

1. lim,_c(f(x)+g(x) = L+ M.
2. limy_. f(x)g(x) = LM.
3. limy,_.cf(x)=cL.

. fx) L
CIfEM then lim,_ .., — = —.
4 #0, then lim, o - M

Proof. O

[5.1.0.4] DEeFINITION (One-Sided Limits). Given A cR, c is a right limit point of A if for all
>0,
(c,c+e)NA#D.

Similarly, ¢ is a left limit point if for all £ >0,

(c—g,c)NA#D.

[5.1.0.5] DeriniTION (Right-Hand Limit). Suppose c is a right limit point of A. We write
lim f(x)=L

x—c*t
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if for every € > 0, there exists § > 0 such that

c<x<c+6, xe A= |f(x)-L|<e.

[5.1.0.6] PROPOSITION.

Proof. lim,_ .+ f(x) = L if and only if for every sequence x, € A with x, > ¢ and x, — ¢, we
have

r}ggo fxn) =L

O
[5.1.0.7] PROPOSITION. S
Proof. uppose c is both a right and left limit point of A. Then
}Cl_lpcf(x) =L < xll»r?* flx) = lenlef(x) =L
O

5.2 Continuous Functions

[5.2.0.1] DeriNiTION (Continuous).Suppose AcR, f: A— R, and c€ A. We say f is con-
tinuous at c if for every ¢ > 0, there exists § > 0 such that

lx—cl<é = |f(x) - flo)] <e.

[5.2.0.2] REMARK. Any function is continuous at any isolated point of A.

[5.2.0.3] DerINITION (One-Sided Continuity). f is continuous from the right at c if for every
€ >0, there exists § > 0 such that

0O<x-c<6 = |f0)-flo)|<e.
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[5.2.0.4] EXAMPLE. »
—, Xx#0

flx) =14 lxl
1, x=0.

Not left continuous at 0, but right continuous at 0.

[5.2.0.5] EXAMPLE.

1
S::{—:nel\l}.
n

0 is a right limit point of S, but not a left limit point.

[5.2.0.6] REMARK. If ¢ is a limit point of A and c€ A, then f: A— R is continuous at c if and
only if
}Ci_rgf(x) = f(o).

[5.2.0.7] EXAMPLE.
f(x) = Lx].

It is continuous at all x ¢ Z. It is right continuous everywhere. It is not left continuous at
integers.

[5.2.0.8] EXAMPLE.
f(x):{xsin(llx), X#0
, se=(0),

Continuous for all c € R.

[5.2.0.9] ProrosITION. This function is continuous at 0.

Proof. Let € >0. If |x| <&, then
|xsin(1/x)| < |x| < e.

[5.2.0.10] THEOREM. Suppose f: A—R, f(A)cB, and g: B— R. If f is continuous at ce A
and g is continuous at f(c), then go f is continuous at c.

Proof. Let £ >0. Since g is continuous at f(c), there exists §; > 0 such that

gy -g(flo)<e.

ly-f|<6 =

CHAPTER 5. FUNCTIONAL LIMITS AND CONTINUITY



5.3. CONTINUOUS FUNCTIONS ON COMPACT SETS 55

Since f is continuous at c, there exists 6 > 0 such that
lx—cl<6 = |[f0) - f(o)] <6i.

Hence
|8(f(x) —g(fle))] <e.

[5.2.0.11] DerinITION (Continuous).A function f: A — R is continuous if it is continuous
at every c € A.

5.3 Continuous Functions on Compact Sets

[5.3.0.1] THEOREM (Continuous Functions on Compact Sets). Suppose C c R is compact and
f:C—Ris continuous. Then f(C) is compact.

Proof. Let y, € f(C) with y, = f(x,) and x, € C. Since C is compact, there exists a subse-
quence x,, — x € C. By continuity of f, we have

flxn) — f(x).
Hence y,, — f(x) € f(O). 0

[5.3.0.2] COROLLARY.

Proof. fiscontinuousatcifandonlyifwheneverx, — c with x, € A, we have f(x,) — f(c).O

5.4 The Intermediate Value Theorem

Lesson 29: Day 29 - Friday 17 October 2025 9:10

[5.4.0.1] LEMMA. Suppose S c R is nonempty, closed, and bounded. Then S contains
sup(S).
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Proof. Let s:=sup(S). Then there exists a sequence x, € S such that x,, — s. Since S is closed
and x, — s, we have s€ S. O

[5.4.0.2] THEOREM. Let [a,b] <R and suppose f: [a,b] — R is continuous. Then f attains
its maximum and minimum on [a, b].

Proof. Let V:= f([a,b]). Since [a, b] is compact and f is continuous, V is compact. Hence V
is closed and bounded. By the lemma, V contains sup(V). So there exists x; € [a, b] such that

f(x1) =sup(V).

Then for all x € [a, b], we have f(x) < f(x;). Similarly, V contains inf(V). So there exists
X € [a, b] such that
f(x2) =inf(V).

[5.4.0.3] THEOREM (Intermediate Value Theorem). Let X be connected and f: X — R con-
tinuous. If y1, y2 € f(X) and r lies between them, then r € f(X).

Proof. Suppose r ¢ f(X). Let
A= (-o0,1), B:=(r00).
Then
X=flAurlms.

Since f is continuous, f~!(A) and f~!(B) are open. They are disjoint and nonempty. This
contradicts connectedness of X. Hence r € f(X). O

[5.4.0.4] THEOREM. Let C <R be compact. Suppose f:C — R is continuous. Then f is
uniformly continuous on C.

Proof. Assume for contradiction that f is not uniformly continuous. Then there exists € > 0
such that for all n € N, there exist x,, y,, € C with

1
|0 — yn| < - |fxn) = flyn)| = e
Since C is compact, there exists a subsequence x,, — x € C. Then

Yne = Xn + (Vg — Xnp) — X.
Since f is continuous,
fQn) — fX),  fyn) — 0.
Hence
| fxn) — F(n)| — 0,
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which contradicts | f(x,,) - f(y,)| = €. Hence f is uniformly continuous. O

Lesson 30: Day 30 - Monday 20 October 2025 9:10

[5.4.0.5] DerInNITION (Uniform Continuity).Let S c R. A function f:S — R is uniformly
continuous on S if

(Ve>0)36>0)(Vx,ye(|x—y|<é = |f(x) - f()|<o).

1 . . .
[5.4.0.6] ExamPLE. Let f(x) = p on (0,1]. It is continuous at every point of (0,1]. Let

1
x,rl ==
n
for n e N. Then

1 1
|Xpn — Xpt1l = |——
n

n+1
(n+l)—n
nn+1)

Also,

| £ () = f(xna1)| = In— (n+ 1))
=1.

1. . . .
So f(x) = — is continuous but not uniformly continuous on (0, 1].
X

[5.4.0.7] THEOREM. Let C <R be compact. Suppose f: C — R is continuous at each point
of C. Then f is uniformly continuous on C.

Proof. Assume for the sake of contradiction that the uniform continuity condition fails at
some ¢ > 0. Then for every n € N, there exist x,, y, € C such that

1
|xn—yn| <;

and
|f(xn) = fyn)| 2 €.
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We can extract a convergent subsequence (x,,) from (x,), say x,, — x € C. Notice
J’nk = xnk + (J’nk _xnk) - X,

SO yn, — X. Since f is continuous, we have

fxn) — f(x)
and
) — f(x).
So
&)= fyn) — f(X) = f(x)=0.
Hence

| fxn) — F(n)| — 0,
which contradicts
| fGen) = frm)| z €.
Therefore f is uniformly continuous on C. O

5.5 Sets of Discontinuity

Lesson 31: Day 31 - Wednesday 22 October 2025 9:10

[5.5.0.1] DeFINITION (Removable Discontinuity). If lim_., f(x) exists, but f is not continu-
ous at xo, then f has a removable discontinuity at x,.

[5.5.0.2] DeFiNIiTION (Jump Discontinuity). If limxﬁxg f(x) and limx_,xo— f(x) both exist, but
are not equal, then f has a jump discontinuity at x,.

[5.5.0.3] DeriNiTION (Essential Discontinuity). If at least one of lim,_ o+ f(x) or limy— 5 f(x)
does not exist, then f has an essential discontinuity at xg.

[5.5.0.4] THEOREM. A monotone function has only jump discontinuities. Furthermore,
there are only countably many jump discontinuities.

Proof. O
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[5.5.0.5] THEOREM. If f:R — R is monotone, then

1. every discontinuity of f is a jump discontinuity;,

2. the set of discontinuities of f is countable.

Proof. (1). Assume without loss of generality that f is increasing. We want to show that for
every xp € R, both f(x;) and f(xj) exist, and
flxg) < fxo) < flxg)-
In fact, we claim that
fxg) =inf{f(x) : x > xo}
and
f(xy) =suplf(x):x<xo}.

Since f(xo) < f(x) for all x > xg, the set {f(x) : x > xo} is bounded below. So its infimum exists.
Let
L:=1inf{f(x) : x > xp}.

Let € > 0. Then there exists x* > xy such that
1< f(x™) <i+e.
If xo < x < x*, then since f is increasing,
1S f(xX) < f(x™) <i+e.

So if we take

6 :=x* - Xxo,
then
0<x—x9<6 = |f(x)—1|<e.
Hence
lim f(x) =1t
x—Xg
Similarly,

f(xg) =sup{f(x) : x < xo}
exists. Therefore both one-sided limits exist at every point. So every discontinuity is a jump
discontinuity.

(2). Let J <R be the set of discontinuities of f. If xy, x; € J and x( < x, then for every x with
Xo<X<Xi,
flxg) < fx) < flxp).
Hence
fg) = fxp).
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Since xp and x; are jump discontinuities,
fOg) < flxg) and f(xy) < f(x)).
Therefore
(f (), feg) N (f(x), f(x]) = 2.
For each x € J, choose
qx) €Qn (f(x7), f(xM).
This defines an injective map
q:J]—Q.
Since Q is countable, J is countable. O

[5.5.0.6] LEMMA. Let ScR. Then the set
S :={xeS:xisisolated in S}

is countable.

Proof. For each x€ §', since x is isolated in S, there exists £, > 0 such that
(x—€x,x+&x)NS = {x}.
Choose rationals py, g € Q such that
XE(Px,qx) € (X —Ex, X+ Ey).
Define
@(x) = (px, qx) €Q x Q.
This map is injective. Indeed, if ¢(x) = @(y), then x,y € (py, gx) N S. But
(Px,gx) N S ={x},

so y = x. Since Q x Q is countable, S’ is countable. O

[5.5.0.7] THEOREM. If f:R — R is any function, then the set of removable and jump dis-
continuities is countable.

Proof. For a >0, define
f(x7), f(x*) both exist, and either
faH-f&)|>a, or
| f&h - fW)] > a, or
lfa) - fX)|>a

Dy =

Then
(o)
U Dl/n
n=1
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is exactly the set of removable and jump discontinuities of f. We claim that every point of D,
is isolated in D,. Let xy € D,. Since f(x;) and f(x;) both exist, there exists § > 0 such that

—<x-x<0 = |f() - f()] < 5,
0<x—x9<6 = |f(x)— fxg)| <%.
Now let x satisfy

0<|x—x9l <0.

Assume first that
Xo<X<Xg+9.

Then if y, z are sufficiently close to x from either side, we still have xy < y,z < xo + §. Hence
Fo-fepl<3 and |f@-fG)| <3
Therefore 5
a
|lf) - fa)| < =
It follows that -
|f(x") - flx)| < R
and similarly
2 2
Fe-fl =3 [Fe0)-f) =5

So x ¢ D,. The case
Xp—0 < x< X

is analogous. Hence no point of D, \ {xo} lies in (xo— &, xyp + ). So xq is isolated in D,. Thus
every point of D, is isolated in D,. By the lemma, each D, is countable. Since

o0
U Dl/n
n=1

is a countable union of countable sets, it is countable. Hence the set of removable and jump
discontinuities is countable. O
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Chapter 6

Derivatives

6.1 Derivatives and the Intermediate Value Property

Lesson 33: Day 33 - Monday 27 October 2025 9:10

[6.1.0.1] DerFiNiTION (Derivative).Let f:A—R, ce A. Then
Fllo) = Cf(x) f(C)

If this limit exists, then f is differentiable at c.

[6.1.0.2] ProBLEM. f(x)=|x| is differentiable at all ¢ # 0.

Solution.

. lxl=lcl
hm—:
X—C X—C

—x£c

=-1, c¢<O0.

x_

limy, ..——=1, ¢>0
X

limy_.

X—C

At ¢ =0, the one-sided limits are not equal.

[6.1.0.3] ProrosiTiON. If f is differentiable at ¢, then f is continuous at c.

Proof. We have
@) -flo

X—C

— f'(c)

63
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as x — c. Also

CHAPTER 6. DERIVATIVES

x—c—0.

Hence £ O

X c

fx)-f(c )—— -¢c)— f'(c)-0=0.

So

fx)— f(o).
Therefore f is continuous at c. O
[6.1.0.4] THEOREM. Derivative arithmetic is well defined with the usual conventions.
Proof. U

[6.1.0.5] THEOREM (Linear Approximation Formula). Suppose f: A— R and c€ A. Then f
is differentiable at ¢ with derivative L if and only if

fx)=f0)+Lx-c)+&),

Thus f'(c) =

and

where <
lim ﬂ =0.
I—CxX—C
Proof.
fx)=fle)+L(x—c)+E(x)
if and only if
Ex)=fx)—-flc)—L(x—o).
Hence
£ _fO-fl@
x-¢  x-c i
Yo) c
lim (%) =0
X—CX—C
if and only if
f (x) = f(c)
=1L
x—>c xX—c

[6.1.0.7] THEOREM (Chain Rule). Suppose g: A— R and f: B — R, where g(A) < B. Sup-
pose g is differentiable at ¢ and f is differentiable at g(c). Then fo g is differentiable at ¢

(fog) ()= f(gle)g' (0.
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Proof. We will use the corollary. Write
g(x)=gla)+d(x)(x-o),

where
d(x)— g'(c)

as x — c¢. Also write
F) =fgle)+6(y(y—gl,
where
8(y) — f'(g(c)
as y — g(c). Substituting y = g(x) gives
f(gx) = f(g(e)) +d(g(x))(g(x) - g(c)
= f(g(e) +6(g(x)d(x)(x - ¢).

Since g is continuous at ¢, we have g(x) — g(c). Hence

8(g(x) — f'(g(e).
Also
d(x) — g'(c).
Therefore
5(g(x)d(x) — f'(g(c)g' (o).
So by the corollary,

(fog) ()= f(gle) g (0.

6.2 Mean Value Theorems

[6.2.0.1] THEOREM (Mean Value Theorem). S

Proof. uppose f is continuous on [a, b] and differentiable on (a, b). Then there exists c € (a, b)
such that
fb) - f@=f')(b-a.

[6.2.0.2] THEOREM (Cauchy MVT).S
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Proof. uppose f,g are continuous on [a,b] and differentiable on (a,b). Then there exists
c € (a, b) such that
f'(©)(gb) - g(a) = g'(c)(f(b) - f(a)).

[6.2.0.3] THEOREM (Rolle’s Theorem). Suppose f is continuous on [a, b] and differentiable
on (a,b), and f(b) = f(a). Then there exists c € (a, b) such that f'(c) =0.

Proof. We claim there exists c € (a, b) where f attains either its maximum or its minimum.
Since f is continuous and [a, b] is compact, the maximum and minimum are attained. If both
are attained only at the endpoints, then since f(a) = f(b), the function is constant. Otherwise,
f attains either a maximum or a minimum at some interior point c € (a, b). Say f achieves its
maximum at ¢. Then

f-flo) _

lim 0
x—ct X—C
and

x—c”  x-—cC
Since f is differentiable at c, these one-sided limits are equal. Hence

f'(c)=0.
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[6.2.0.4] THEOREM (Cauchy Mean Value Theorem). Suppose f,g are continuous on [a, b]
and differentiable on (a, b). Then there exists c € (a, b) such that

') (gb)—gla) =g'()(fb) - f(a).

Proof. Consider
h(x) = f(x)(g(b) — g(a) — gx)(f(b) - f(a)).
Then h is continuous on [a, b] and differentiable on (a, b). Also
K (x) = f'(x)(gb) — g@) — g'(x)(f(b) - f(a)).
Now
h(a) = f(a)(g(b) - g(a)) — g(a)(f(b) - f(a))
= f(a)g(b)—g(a) f(b),
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h(b) = f(b)(g(b) — g(a)) — gb)(f(b) - f(a)
= f(a)g(b) - g(a) f (D).
Thus h(a) = h(b). By Rolle’s Theorem, there exists c € (a, b) such that
h'(c) =0.

Hence
f'©)(gb)—gla) =g'()(fb) - f(a).

[6.2.0.5] THEOREM (L’HOpital’s Rule).

1. Suppose f, g: [a, b] — R are continuous on [a, b] and differentiable on (a, b), with g'(x) # 0
for all x€ (a, b). If f(a) = g(a) =0 and
/
lim w =L
x—at g’(x)

i

then
im 19

m = L.
x—a" g(x)

2. Suppose f, g are as above and
lim g(x) = +oo.

x—a*
If ,
im MY = IL,
x—a+ g'(x)
then
lim m =L
x—a* g(x)

Proof. (1). For x € (a, b), apply the Cauchy Mean Value Theorem to f and g on [a,x]. Then
there exists ¢, € (a, x) such that
fl(e)(g(x)—g(a) = g'(c) (f(x) - f(a)).

Since f(a) = g(a) =0, this becomes
m _ f,(cx)
gx) gy

As x — a*, we have ¢, — a*. Hence
!
lim 20 =y L&
x—at g(x) x—a* g'(cy)
(2). For x € (a,b), apply the Cauchy Mean Value Theorem to f and g on [x,b]. Then there
exists ¢y € (x, b) such that

flc)(gb) — g(x)) = g'(cx) (f(b) = f(x)).
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Equivalently, fx)-fb) _f (cx)
g g  g'ler)

As x — a*, we have ¢, — a™. So
lim L9 -f®) _
x—at g(x)—g(b)

f®) _f@-fb) _ fb)gx) - f(x)gb)
gx) gx)-gb) gx)(gx)—gh) -

I\[0)%'4

Since g(x) — +oo and
f-f) I

gx)—g(b)

)

the quantity
i)
8(x)

f(x) = f(b)
gx)—g(b)

differs from

by a term tending to 0. Hence
lim @ L
x—at g(x)
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[6.2.0.6] THEOREM. Suppose f,g: (a,b] — R are differentiable, g(x) — co as x — a*, and
g'(x) #0 for all x€ (a,b]. If
I fx) 7

m =
x—a" g’(x)

lim S _

x—a* g(x) B

)

then
L.

Proof. Let 0<e <1 be given. Choose § > 0 such that
J'(x)

O<x—a<d = —L‘<e.
g'(x)
Fix y € (a,a+d). Then
!
f(y)—L <E.
g
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For a < x < y, the Cauchy Mean Value Theorem applied on [x, y] implies there exists ¢ = cy,,
such that x < ¢ < y and

fEy) -gx) =g (y) - fx).

Hence
o fo-fx  fx)-fy

g'o) gy-g) g)-gy’
Since x<c< y<a+9, we have
fX)-fy) _L‘ .

gx)—gy)
Define £ fO-f )
S WY
e = =k
Since g(x) — oo as x — a™, there exists §’ > 0 such that 0 < x — a <’ implies
f» and gy
gx)-g) g§x)-g)
For such x, we have
jat) - (o] = | L2 LD 2 S

gx) gx)-g
fy [ gy
gx)—gly) gx) gx)—gy)

B L T Y [ %
g -g| g llgx)-g)
<e+elalx)|.
Thus
la(x) - LI < | B(x) — L| + | a(x) - B(x)|
<e+e+ela(x)]
=2e+e|la(x)].
Also
la(x)] < |a(x)—L|I+|L|.
So
la(x)—L|<2e+e(la(x)—L|+]|L|)
=2+|L)e+elalx)—L|.
Hence
1-¢8lax)—Ll<@2+]|L|)e.
Therefore
2+|Le
la(x)—L| < .
l1-—¢
Since the right-hand side tends to 0 as € — 0, it follows that
lim m = L,

x—a" g(x) B
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[6.2.0.7] THEOREM. If f,g are continuous, then max{f(x),g(x)} is continuous.

Proof.
a+b+|a—Db|

max(a, b) = >

So

FOO)+g@) +|f(x)—gx)|

> .
Since sums, differences, and absolute values of continuous functions are continuous, max{f, g}
is continuous. A corollary is that if fi,..., fy are continuous, then max{fj, ..., fy} is continuous.
L]

max{f, g}(x) =

[6.2.0.8] ExawmpLE.If fi, f>,... is a sequence of continuous functions with f;(x) < C for all x,
define
(sup fi)(x) == sup fi(x).
l

This function need not be continuous.

[6.2.0.9] ExAMPLE. Let f,:[0,1] — R be given by f,,(x) = x™. Then

0, 0<x<l1,
1, x=1.

inf x =
meN

[6.2.0.10] ExampLE. What does
xlim f(x) =00
—00

mean?

[6.2.0.11] ProBLEM. Suppose |r| < 1. Prove that

o0

Z(n+1)r"

n=0

converges absolutely and equals .
(1-r)?
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Solution.
(n+2)r™t
(n+1Drn

(n+2)|r|

=1 7| <1.
n—oo n+1

n—oo

So the series converges absolutely by the ratio test. Also

00 (o) (e ) 2
Y (n+Dr"=) r" ) r”:(L) .
n=0 n=0 n=0

1-r

[6.2.0.12] ProBLEM. Prove there exists c € (1,2) such that ¢3—c¢?=1.

Solution. Define f(x):=x>-x?>—1. Then f is continuous.
fa=-1, f2)=3.
By the Intermediate Value Theorem, there exists c € (1,2) such that f(c) =0. O

[6.2.0.13] ProBLEM. Prove that the irrational numbers are dense in R.

Solution. Given a < b, define

s=a+ .
V2
Then s€ (a,b) and s ¢ Q. Hence (a,b) \Q # &. O

[6.2.0.14] ProBLEM. Show that

R\A° =R

=

Solution. (<). If x ¢ A°, then for every € >0,
Ve(x) £ A.

So there exists y € v (x) with y ¢ A. Hence every neighborhood of x intersects R\ A, so x e R\ A.
(2). If x e R\ A, then every neighborhood of x intersects R\ A. So no neighborhood of x is
contained in A, hence x ¢ A°. O

[6.2.0.15] ProBLEM. What does

lim f(x) =o0

mean?
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Solution. It means: For every M > 0, there exists R > 0 such that

x>R = f(x)>M.

[6.2.0.16] ExamPpLE. Let f be continuous on R such that
J}1_}1{.10f(x) =oo and xgrpwf(x) = 00.

Show f attains a global minimum.

[6.2.0.17] ExaMmPLE. Suppose f:[a,b] — R is differentiable and f’ is continuous. Show f is
uniformly differentiable.

[6.2.0.18] ExamPpLE. Suppose f : (a,b) — R is differentiable with f'(c) =0 and f"(c) > 0.
Show c is a local minimum.

[6.2.0.19] ExamPLE. Suppose f is continuous on [a, b] and differentiable on (a, b). If c € [a, b]
is a global maximum, show c=a, c=b, or f'(c) =0.
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Chapter 7

Sequences and Series of Functions

7.1 Uniform Convergence of a Sequence of Functions

Lesson 38: Day 38 - Monday 10 November 2025 9:10

[7.1.0.1] DeriniTION (Pointwise Convergence). Given functions f,, f: A — R, we say (fy)
converges pointwise to fj if for every x € A,

fn(x) — fo(x).

[7.1.0.2] PROBLEM.
fn(x):xn; A:[O)I]-

Solution.
0, 0<x<l1,

* _)fO(X)::{l, =1,

So convergence is pointwise on [0, 1]. O

[7.1.0.3] PROBLEM.
fu=x"", A=10,00).
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Solution.
0, x=0,

1, x>0.

So convergence is pointwise on [0,00). 0

xl/l’l s g()(x) = {

[7.1.0.4] PROBLEM.

Solution.

So convergence is pointwise on R. O

[7.1.0.5] ProBLEM (Can limits be interchanged?).

lim lim f,(x) # lim lim f,(x).
X—a n—oo n—-oox—a

Solution. Define

1, m=n,
Am,n =
0, m<n.

Then

lim lim a,,,= lim 0=0,
m—o00 n—o0 m—o0

lim lim a; ,=lim1=1.
n—o0 m—oo n—oo

[7.1.0.6] DerinNITION (Pointwise Convergence (epsilon form)). f,, — fo pointwise if for every
x € A and every ¢ > 0, there exists N € N such that n > N implies

|fax) - fox)| <e.

[7.1.0.7] DerinITION (Uniform Convergence). (f,) converges uniformly to fy on A if for every
€ > 0, there exists N € N such that for all xe A, n> N implies

|fn®) - folx)| <e.

CHAPTER 7. SEQUENCES AND SERIES OF FUNCTIONS
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[7.1.0.8] CoROLLARY.U

Proof. niform convergence implies pointwise convergence, but not conversely. O

[7.1.0.9] THEOREM. If f,, — fo uniformly on A, and each f;, is continuous, then f; is contin-
uous.

Proof. Omitted. 0

[7.1.0.10] PROBLEM.
2
X
fanx)=x+ o

fo(x) = x.

Solution. For |x|<C,

x2 2

C
|[fal0) = fo0)] = — = —.

: c?
Given € >0, choose N > —, then for n> N,
€

|fax) - fox)| <e&.
So convergence is uniform on [-C, C]. However, on R, for x = n,

n2

|fn(”) _fo(n)| = 7 =n-— oo,

so convergence is not uniform on R. O

[7.1.0.11] PrROBLEM. fy(x)=x" does not converge uniformly on [0, 1], where

0, 0<x<l1,

fO(X) ::{1, se= 11,

Solution. Take ¢ = 3. For any N €N, choose x = (1/2)'/" € (0,1). Then

SO
| v = fox)| =3
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Hence convergence is not uniform. However, on [0,y] with y < 1, we have
x"<y"—0,

so convergence is uniform on such intervals. O

Lesson 39: Day 39 - Wednesday 12 November 2025 9:10

[7.1.0.12] THEOREM (Uniform Convergence Theorem). If f,, — fy uniformly on A, and each
fn is continuous, then f; is continuous.

Proof. Let c € A. We want to show

lim fo(x) = fo(c).
Let € > 0 be given. Choose N € N such that
| fv(x) = fo(®)] < g VxeA.
Since fy is continuous at c, there exists § > 0 such that
Ix—cl<6 = |fn(x)— fnlo)] < g
Then for |x—c| <6,
| fo(x) = folo)] = | folx) = fv ()] + | fv(x) = fn ()] + | fv (€)= folo)]

e € €
<—+-+-=¢.

7.2 Power Series

[7.2.0.1] DeFInITION (Power Series). A power series centered at c is
o0
Y ap(x-0",
n=0

where ay, a;,... are constants.
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[7.2.0.2] EXAMPLE.

(o] n

exp(x) = ) x—, R =c0.
n=0 n!
0 " x2n+1
i = -1 .
216 ,;0( en+

[7.2.0.3] DerinITION (Uniformly Cauchy). A sequence of functions (f;,) is uniformly Cauchy
on A if for every € > 0, there exists N € N such that for all m,n= N,

|fm(x)_fn(x)| <e VxeA.

[7.2.0.4] ProrosiTION. A uniformly Cauchy sequence of functions converges uniformly to
some function g.

Proof. For each xe€ A, (f,(x)) is a Cauchy sequence in R, hence converges. Define
g(x) = lim fu(x).
Given € > 0, choose N such that for all m,n= N,

| o0 = fn(0)] <& Vax.

Fix n> N and let m — oo, then
| fulx) — g(0)] <e.
So convergence is uniform. O]

[7.2.0.5] THEOREM (Radius of Convergence). Let
1

R:=
limsup,,_.., Vlanl

€ [0, 00].
Then:
* If |x—c| <R, the series Y a,(x—c)" converges absolutely.

e If |x—c| > R, the series diverges.

* If 0 < p <R, then the series converges uniformly on [c— p, ¢+ p].

Proof. Fix x. By the Root Test,

limsup v/la,(x— )" =|x —c|-limsup v/|ayl.

n—oo n—oo
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So convergence occurs when |x—c| < R. Now let p < R. Then

p-limsup v/|a,| < 1.

n—oo

So there exists y € (0,1) and N such that for n= N,

Viaplp"<vy.

Hence
la,|lp™ <y".
For |x—c| = p,
L k L k
Y arx—0o)"| <) laklp
k=n k=n
>k
%
k=n
yn_ym
= 1_,}/ .

This goes to 0 uniformly, so the partial sums are uniformly Cauchy. Hence the series converges
uniformly on [c— p, c+ p]. OJ

Lesson 40: Day 40 - Friday 14 November 2025 9:10

[7.2.0.6] THEOREM. Let fi, f5,...:[a, b] — R be differentiable. Suppose

* f! — g uniformly on [a, b],

* f,— f pointwise on [a, b].

Then f is differentiable and f'=g.

Proof. Fix ce€ [a,b] and let € > 0. We estimate:
fx)-fl)

X—C

g(C)'

Add and subtract f;;:
fx)-fl)

X—C

S -f©@)  fulx) — fule)

X—C X—C

I

g(c)‘




7.2. POWER SERIES

n(x)_ n(C)
F %—fé(())

il
+| falc) - g0
N ——
e
Step 1 (Control III). Since f — g uniformly, choose N such that for n > N,
g
|/ (x) - g(x)| < 5 Vxelabl

In particular,
€
|fn(0)—-glo)| < 3
Step 2 (Control II). Since f, is differentiable at ¢, there exists § > 0 such that

—C

€
O<|x—-c|<d = <§.

Step 3 (Control I). Note

fx)—f(o _ lim fm(x)—fm(C)_
x—c m—00 (G
So
I:' lim I = fm(@ _ fu(x) ~ fu(c)
m—o0 X—C =0
— lim (fm_fn)(x)_(fm_fn)(c) .
m—oo X—c

By the Mean Value Theorem, there exists z between x and ¢ such that
U= O _ 1 g
Since (f;) is uniformly Cauchy, for m,n = N,

|f(@) = fr(2)| < g Vze [a,b].

Taking m — oo,
€
|g(2) - f,(2)] <3

Hence

W[ M

Conclusion. For n>N and 0< |x—c| <9,

fx)-flo) E E E_
P —gl(o) <3+3+3—£.

f (x)— f (¢

x—»c X —

So
=g(o),

and hence f'(c) = g(c).
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Chapter 8

The Riemann Integral

8.1 Discussion

Lesson 41: Day 41 - Monday 17 November 2025 9:10

[8.1.0.1] ExampLE (The Fundamental Theorem of Calculus).

b
) f F'(x) dx = F(b) - F(a).

(>ii) If G(x) :f f)dt, then G'(x) = f(x).
a

This is a statement about the inverse relationship between differentiation and integration.

[8.1.0.2] REMARK. The best way to think of integration is not only as the inverse process
of differentiation. Historically, it was viewed this way by mathematicians such as Leibniz
and Newton. However, the modern definition of integration is built from limits of sums. For
example,

1, for0<x<1
h(x) =
2, forl<sx<?2

is Riemann integrable on [0, 2], even though it is not continuous at x = 1. In calculus, we study
Riemann sums, often drawn graphically as rectangular areas:

n
Y fler) (k= xp—1) -
=1 S~
height width
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As the partition gets finer, these sums approach the integral. Hence

n b
lim 3" f(cr) (o = xpe-1) = f fx)dx,
k=1 a

when the function is Riemann integrable.

8.2 The Definition of the Riemann Integral

Lesson 42: Day 42 - Monday 17 November 2025 9:10

[8.2.0.1]

[8.2.0.2]
We write

[8.2.0.3]

[8.2.0.4]

[8.2.0.5]

[8.2.0.6]

REMARK. For f:[a, b] — R, we assume f is bounded on [a, b].

DEFINITION (Partition). A partition P of [a, b] is a finite subset of [a, b] with a, b € P.

P={xp=a<x1<...<x,=Db}.

DeFINITION (Upper Riemann Sum).

n

U(f,P)=) sup [f(x)(x;—xi-1).

i=1X€[x;i—1,X;]

DEFINITION (Lower Riemann Sum).

n

L(f,P):=) inf ]f(x)(xi—xi_l).

i—1 X€lXi-1,%;
DEFINITION (Refinement). A partition Q is a refinement of P if P < Q.

LEMMA. If P < Q are partitions, then
U(f,P)=Uf,Q = L(f,Q) = L(f,P).
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Proof. It suffices to prove this when Q = Pu {x}, where x € (x;_1, x;) for some i. Let

Mi:= sup f(), Mj= sup f(1), M= sup f(1).

relxi_1,%;] relx;_1,x] relx,x;]
Then
M;<M; M;<M,.
So
U(f,Q) —U(f,P) = Mj(x—x;_1) + M (x; — x) — M; (x; — X;_1)
< Mi(x— xj-1) + M; (x; — X) — M; (x; — X;-1)
=0.
Hence
Uf,Q) <UC(S,P).
Similarly,

L(f,Q) = L(f,P).
Since always
Uf,Q) = L(f,Q),

the result follows. O

[8.2.0.7] DerIiNITION (Upper Integral).Let P be the collection of all partitions of [a, b]. The
upper integral of f is
U(f) = inf U(f,P).
PeP

[8.2.0.8] DeriNiTION (Lower Integral).Let P be the collection of all partitions of [a, b]. The
lower integral of f is

L(f) =sup L(f,P).
PeP

[8.2.0.9] DeriNiTION (Riemann Integrable). A bounded function f defined on [a, b] is Rie-
mann integrable if U (f) = L(f). We define

b
f f)dx=U(f) = L(f).
a

[8.2.0.10] THEOREM. If f is continuous on [a, b], then f is Riemann integrable on [a, b].

Proof. Let € >0 be given. We want to find a partition P such that
U(f,P)-L(f,P)<e.
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Since f is continuous on [a, b], it is uniformly continuous. So there exists § > 0 such that
€
|x-x|<6 = |f0) - f&)| < —.
b—a
Choose a partition P such that every subinterval satisfies
Xi—Xi-1< 0.

For each i, let
M;= sup f(x), m;:= inf ]f(x).

XE[X;_1,%;] XE[Xj-1,%;

By the Extreme Value Theorem, there exist z;, w; € [x;_1, x;] such that
M; = f(z)), m;=f(w).

Then
lzi — w;l < x; —x;-1 <6,
SO .
M;—-m; = f(z;) - f(w;) < m
Hence

Uf,P) = L(f,P)= ) (M; = mj)(x; = Xi-1)

i=1l

@ n
<b_ai=Zl(xi—xz_1)
- ——(b-a
= €.

Properties of the Integral

[8.2.0.11] THEOREM. Let f:[a,b] — R and c€ (a,b). Then f is Riemann integrable on [a, b]
if and only if f is Riemann integrable on both [a, c] and [c, b]. In that case,

b c b
ff(x)dx:f f(x)dx+f f(x)dx.

Proof. (<=). Suppose f is Riemann integrable on both [, c] and [c, b]. Let € > 0 be given.
Choose partitions P; of [a,c] and P, of [c, b] such that

U(f,Py) - L(f, P1) <§

and .
U(f,P) - L(f,Py) < >

Put
P:=P;UPs.
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Then P is a partition of [a, b], and

Z/{(frp) :u(frpl)"'u(fyPZ)r
and similarly

L(f,P)=L(f,P1)+L(f,P2).
So

U(f,P)—L(f,P)=U(Sf,P1)— L(f,P1) + U(f, P2) — L(f, P2))

E &
<=+=
2 2

=€.
Hence f is Riemann integrable on [a, b].
(=). Suppose f is Riemann integrable on [a, b]. Let € > 0. Choose a partition P of [a, b]

with ¢ € P such that
U(f,P)—L(f,P)<e.

Let P; and P, be the induced partitions of [a,c] and [c, b]. Then
U, P)—L(f,P)=UC(f,P1)—L(f,P)+U(f,P2) = L(f, P2)).

So each term is at most €. Hence f is Riemann integrable on both [a, c] and [c, b]. The integral
identity follows from the same decomposition of upper and lower sums. O

Lesson 43: Day 43 - Wednesday 19 November 2025 9:10

[8.2.0.12] PROPOSITION.

b b
'f f(x)dx sf |f(x)]dx.
a a

Proof. For all x € [a, b],
—|f@| = f@=|fx)
By monotonicity of the integral,

b b b
—f |f(x)|dxsf f(x)dxsf |f(x)|dx.
Hence

b
S[ |f(x)]dx.
a

b
f fx)dx
a
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Lesson 44: Day 44 - Friday 21 November 2025 9:10

[8.2.0.13] THEOREM. Suppose f:[a, b] — Ris Riemann integrable. Then | f | is also Riemann

integrable, and
b
' f fx)dx
a

Proof. Let £ >0 be given. Choose a partition P = {x;} of [a, b] such that
U(f,P)- L(f,P)<e.

b
s[ |f(x)|dx.

For each subinterval [x;_1, x;], let

M;= sup f[f(x), m;:= inf f(x).
X€E[X;_1,%;] X€[xj-1,%]
Also let
M;:= sup |f(x)|, m;:= inf |f(x)|.
X€[x;_1,%;] XE[X;-1,X;]

For any z, w in the same subinterval,

||f@|-|fw)|| <|f@ - fw)| < M;—m.

Hence

M; —m; < M; — m;.

Therefore

U(|f|,P) = L f],P) =} (M; —T7) (x; — Xi-1)
< Z(Mi —m;)(X; — Xi-1)

=U(f,P)-L(f,P)
<e.
So |f]| is Riemann integrable. Also, for all x € [a, b],
—|f@|=sf@=|fw]

By monotonicity of the integral,
b b b
—f |f(x)|dxsf f(x)dxsf |f(x)|dx.
a a a

Hence

b b
f fx)dx Sf |f(x)]dx.
a a




8.3. THE FUNDAMENTAL THEOREM OF CALCULUS

8.3 The Fundamental Theorem of Calculus

[8.3.0.1] THEOREM (Fundamental Theorem of Calculus). Let f:[a,b] — R be Riemann inte-
grable. Define

F(x):= f f(odt.
Then:

1. F is continuous on [a, b].
2. If f is continuous at c € [a, b], then F'(c) = f(c).

3. If G:[a, b] — R is differentiable and G’ = f, then

b
f fx)dx =G(b) - G(a).

Proof. (1). Let c€ [a,b]. Since f is Riemann integrable on [a, b], it is bounded. So choose
C > 0 such that
|f(n|=C forall t€la,b).

ff(t)dt—f f(t)dt‘

If x € [a, b], then

|[F(x) - F(c)| =

Hence F is continuous at c. (2). Suppose f is continuous at c¢. Let € >0 be given. Choose
0 >0 such that
lt—cl<6 = |f(t)- flo)]| <e.
If0<|x—c| <6, then
F(x)—-F(c) 1 *
—_ - =|— ndt-
- f(c)‘ 'x_cfc fode- £

x_

1 X
_'—x_cfc (f(t)—f(c))dt‘

1
<
|x—cl

1 X
< f edt
lx—clJe
=€

f |f(t)-fo)|dr

89
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So F'(c) = f(c). (3). Let P = {x;} be any partition of [a, b]. By the Mean Value Theorem, for
each i there exists y; € (x;_1, x;) such that

G(x;) — G(xi—1) = G'(¥:) (x; — xi=1) = f(¥:) (x; — xi-1)-
Summing,

n
G(b) - G(a) = ) (G(x;) — G(x;-1))

i=1
=) fy)(xi—xiz).
i=1

So G(b) — G(a) is a Riemann sum for f with respect to P. Given ¢ > 0, choose a partition P
such that
U(f,P)-L(f,P)<e.

Then every Riemann sum S with respect to P satisfies
L(f,P)<S<U(f,P).

In particular,
L(f,P) <G —G(a) <U(Sf,P).

Since )
£(f,P)sf fx)dx<U(f,P),
we obtain ) ’
‘G(b)—G(a)—f f(x)dx| <U(f,P)-L(f,P)<E.
Hence :

b
G(b) - G(a) :f f(x)dx.
a




Chapter 9

Metric Spaces

9.1 More Preliminaries

Lesson 45: Day 45 - Self-Study One

[9.1.0.1] DerFiniTION (Euclidean Distance). Given x, y € R", define

n 1/2
lx—yll := (Z |x; —yi|2) :

i=1

[9.1.0.2] DerFINIiTION (Metric Space). A metric space is a set X together with a function
d: X xX—[0,00)
such that for all x, y,z€ X:

1. d(x,y)=0, and d(x,y) =0 if and only if x = y,
2. d(x,y)=d(y,x),
3. dx,2)<d(x,y)+d(y,z).

[9.1.0.3] ExAMPLE (¢P-metric).For x,y € R” and 1 < p < oo, define

- 1/p
dp(x, ) :=(Z|xi—yi|’”) :

i=1

91
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[9.1.0.4] ExamPLE (LP-metric). For functions f,g:[0,1] — R and 1 < p < oo, define
1/p

1
dp(f,8) = (fo |f(x) - g)|” dx

[9.1.0.5] DerFINITION (Sets of Continuous Functions).
C°(la, b)) := {continuous functions [a, b] — R}.

C*(la, b]) := {k-times continuously differentiable functions [a, b] — R}.

[9.1.0.6] DEFINITION (Smooth Functions).

C*(la, b)) := {infinitely differentiable functions [a, b] — R}.

[9.1.0.7] PROPOSITION.

. C'([a,b]) — C°(la, b))
dx

is continuous as a function between metric spaces, where

dei(f,8) = sup |f(x)—gx)|+ sup |f'(x)—g' )|
x€la,b)

x€la,b]
and
deo(f,8) = sup |f(x)—gw)|.
x€la,b]
Proof. Let f,ge Cl(la,b)). If
dei (f,8) <6,

then in particular
sup |f'(x)—g'(0)|<é.

x€la,b)
Hence
deo(f',8) = sup |f'(x)-g'(0)|<86.

x€la,b]
Given € > 0, choose 6 := ¢. Then
doi(f,8) <6
implies
deo(f' g <e.

d . .
Therefore s continuous. O
X
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Lesson 46: Day 46 - Self-Study Two

[9.1.0.8] LEMMA (Lebesgue Big Number Lemma). If (X,d) is sequentially compact and {U;}
is an open cover of X, then there exists r > 0 such that for all x € X, there exists i with

B, (x) C U;.

Proof. Assume this is false. Then for every r > 0, there exists x € X such that for every i,
By (x) ¢ U;.
In particular, for each n € N, choose x; € X such that
Bi/n(xn) € U;

for every i. Since X is sequentially compact, there exists a subsequence x,, — x. Since {U;} is
an open cover, there exists iy such that x € U;,. Because Uj, is open, there exists ry > 0 such
that
By, (x) S Uj,.
Choose K sufficiently large such that
1 )

I'o
and d(x,x,.) < —.

Now if y € By/n, (x5,), then

d(x,y) <d(x,Xp) + d(Xpg, y)

o To
22
=Ty.
So
B1/ng (Xng) € Bry(x) € Uiy,
a contradiction. O

[9.1.0.9] DEerinIiTION (Totally Bounded). A metric space X is totally bounded if for all € > 0,
there exist yy,..., yx € X such that

K
X< UBeW).
i=1

[9.1.0.10] LemwMa. If a metric space is sequentially compact, then it is totally bounded.
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Proof. Assume X is not totally bounded. Then there exists € > 0 such that no finite collection
of e-balls covers X. Choose x; € X. Since B.(x;) does not cover X, choose

X2 € X\ Be(x7).

Inductively, having chosen x, ..., x,, since
n
U Be(x;)
i=1

does not cover X, choose

n
X1 € X\ (U Be ().
i=1

Then for all m # n,
d (X, X,) = €.

So (x,) has no convergent subsequence, contradicting sequential compactness. Hence X is
totally bounded. O

[9.1.0.11] DerinIiTION (Norm).A norm is a function
-1l : V — [0,00)
such that for all u,v€ V and 1 €R:

1. [lv]l =0, and |v| =0 if and only if v =0,
2. Avl =I1Allvl,

3. Nu+vi < llul+lvl.

[9.1.0.12] DerINITION (Support of f). The support of f is
supp(f) :={x: f(x) #0}.

[9.1.0.13] THEOREM. A metric space is sequentially compact if and only if it is topologically
compact.

Proof. (= ). Suppose X is sequentially compact. Let {U;} be an open cover of X. By the
Lebesgue Big Number Lemma, there exists r > 0 such that for every x € X, there exists i with

B (x) < U;.
By total boundedness, there exist y,,..., yx € X such that

K
X< B ).
j=1
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For each j, choose i; such that

Then
K
X c U Uij-
j=1

So X is compact.

(<=). Suppose X is compact. Let (x,) be a sequence in X. If the set {x, : n € N} is finite, then
some value occurs infinitely often, giving a constant subsequence. So assume {x, : n € N} is
infinite. If no subsequence converges, then for each x € X there exists €, > 0 such that

B, (x)
contains at most finitely many terms of the sequence. Then
{Be,(x): x € X}
is an open cover of X. By compactness, there is a finite subcover
K
X< B, (x)).
=
Each ball contains only finitely many terms of the sequence, so altogether the sequence has

only finitely many terms, a contradiction. Hence some subsequence converges. So X is se-
quentially compact. O

[9.1.0.14] DerinITION (Lipschitz). A function f: X — Y is Lipschitz if there exists K = 0 such
that for all x,y € X,

dy(f(x), f(y)) = Kdx(x,y).

[9.1.0.15] ProrosiTION. Lipschitz implies continuity.

Proof. Let €>0. If K=0, then f is constant, hence continuous. If K > 0, choose

0= E.
K
Then
dx(x,y)<6 = dy(f(x), f(y)) = Kdx(x,y) < Kb =€.
So f is continuous. In fact, f is uniformly continuous. O

[9.1.0.16] DeriNITION (Uniform Continuity). A function f: X — Y is uniformly continuous
if for all £ > 0, there exists § > 0 such that

dx(x,y)<6 = dy(f(x), f(y) <e.
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Lesson 47: Day 47 - Self-Study Three

[9.1.0.17] ProposiTION. If f: X — Y is continuous and X is compact, then f is uniformly
continuous.

Proof. Let € > 0. For each c € X, by continuity of f at ¢, there exists §. > 0 such that
€
dx(x,¢) <6, = dy(f(x), f(c)) < o

Then {B(c,d.)}ccx is an open cover of X. By the Lebesgue Big Number Lemma, there exists
0 > 0 such that for all x € X, there exists ¢ € X with

B(x,8) < B(c,8,).
Now suppose dx(x,y) <. Then y e B(x,6) < B(c,d.), and also x € B(c,6). So

dy(f(x),f(c))<§ and dy(f(y),f(C))<§.

Hence
dy (f(x), f(y) =dy(f(x), f(c)) +dy(f(c), f(y)
<l
2 2
=¢.
So f is uniformly continuous. O

[9.1.0.18] DerinIiTION (Contraction). A function f: X — X is a contraction if there exists K
with 0 < K <1 such that for all x,y € X,

d(f(x), f(y) =Kd(x,y).

[9.1.0.19] DerintTION (Fixed Point).Given f:X — X, a point x € X is a fixed point if
f(x) =x.

[9.1.0.20] THEOREM (Banach Fixed Point Theorem). Let (X, d) be a complete metric space.
If f: X — X is a contraction, then there exists a unique fixed point.

Proof. Pick x € X. Define a sequence by
Xn+1 = f(xp).

Then
d(Xps1,%n) < K"d(x1, x0).
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For m > n, we have

uous, we have

Since 0 < K < 1, this implies
SO

Hence x =y.

97

m—1
Ad(Xpm, Xp) < ), d(Xis1,X:)

i=n
m—1

< ) K'd(x1,x0)
i=n

m—1
=d(x, %) ) K'
i=n
n
Sl Kd(xl,xo).

So (x,) is Cauchy. Since X is complete, there exists x € X such that x,, — x. Since f is contin-

X = I}i_l:gloxn+l = ’}l_r};lof(xn) = f(r}l_r)gloxn) = f (2.

So x is a fixed point. To prove uniqueness, suppose y € X is another fixed point. Then

dx,y)=d(f(x), f(y)
<Kd(x,y).

(1-K)d(x,y) <0,

d(x,y) =0.

Lesson 48: Day 48 - self-Study Four

ric space (M, d) such that:

1. MS M.
2. dlpxm=d.
3. M is Cauchy complete.

4. M is the closure of M.

[9.1.0.21] DEeFriniTION (Completion). Let (M, d) be a metric space. Then there exists a met-
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[9.1.0.22] DEFINITION (Cus(M)).

Coo(M) = {f:M—» R: f is continuous and sup |f(m)| <oo}.

meM
This is a metric space with
doo(f,8) = sup | f(m) - g(m)|.
meM

[9.1.0.23] DeFINITION (Banach Space). A Banach space is a normed vector space that is
Cauchy complete with respect to the metric induced by the norm. Examples include R”, C",
Cso(M), and C°([a, b]) with the sup norm.

[9.1.0.24] DerFiNITION (Functional). A functional is a linear map T: X —Ror T: X — C.

[9.1.0.25] DEeFINITION (Operator Norm).
ITllop = sup |T(x)].

xeX
lx][=1
[9.1.0.26] REMmARK. The space of bounded linear functionals is a Banach space.

[9.1.0.27] DEeFINITION (Inner Product Space). An inner product space is a vector space X
with a map

() XxX—-R
such that:

e (x5, =(y,x),
* (ax+Dby, z)=alx,z)+ by, z),

e if x#0, then (x, x) > 0.

[9.1.0.28] DerINITION (Hilbert Space). A Hilbert space is an inner product space that is com-
plete with respect to the norm induced by the inner product.
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[9.1.0.29] REMARK. An example where Riemann integration fails, and hence motivates mea-
sure theory, is the Dirichlet function:

1, xe€Q,

Tg(x) = .
Q {0, otherwise.

This function is not Riemann integrable on any interval.

Lesson 49: Day 49 - Self-Study Five

[9.1.0.30] DEFINITION (Interior).
Int(A) := (A°)°.
A point x € Int(A) if and only if there exists € > 0 such that v.(x) c A.

[9.1.0.31] DEFINITION (Exterior).
(A) :=Int(A°).

[9.1.0.32] DEeFINITION (Boundary).
(A) = X\ ((A) ulnt(A)).

[9.1.0.33] DEeFINITION (Boundedness Revisited). A is bounded if and only if A < v, (xp) for
some xp € X and some A > 0.

[9.1.0.34] THEOREM. Given S is a compact subset of X and f: X — R is continuous, then f
has a maximum point in S.

Proof. Since S is compact and f is continuous, f(S) is compact. Hence f(S) is closed and
bounded. Let
a :=sup(f(S)).

Then a € f(S) since f(S) is closed. So there exists x, € S such that
f(xo) = a.

Therefore f attains a maximum on S. OJ
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[9.1.0.35] THEOREM. If f: X — Y is continuous and A is a compact subset of X, then f is
uniformly continuous on A.

Proof. Let £ >0. For each p € A, there exists §,, > 0 such that

dx(p,x) <6, = dy(f(p), f(x)) < g

Consider the open cover
{Vs,12(p): p € A}.
By compactness, there is a finite subcover
Vs, 12(pi) :1=1= N}

Choose

We show that
dx(x,y) <6 = dy(f(x), f(N) <e
for all x, y € A. Given x € A, choose p; such that
X€ Vs, 12(Pi).
So
6Pi
dx(x,pi) < 7
If also dx(x,y) <8, then
6 p,
dx(x,y) < %.
By the triangle inequality;

6Pi 5Pi
dx(y,pi) < dx(y,x) +dx(x, pi) < = o = Op,-

Hence both x and y lie in v, (p;). Therefore

dY(f(x);f(Pi))<§ and dy(f(y),f(p,-))<§.

So
dy (f(x), f(y) = dy (f (), f(p)) +dy (f(p), f()) <e.
Thus f is uniformly continuous on A. O

Lesson 50: Day 50 - self-Study Six
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[9.1.0.36] DEeFINITION (Connectedness).A metric space (X, d) is connected if it is impossible
to write

X=U,uU,
as a disjoint union of nonempty open sets with

UnlU,=2.

[9.1.0.37] ExampLE (Examples of Connected Sets).
R, R"™ |a,b)].

[9.1.0.38] THEOREM. Let (X,dx) and (Y,dy) be metric spaces and let f: X — Y be contin-
uous. If X is connected, then f(X) is connected.

Proof. Suppose, for the sake of contradiction, that f(X) is disconnected. Then
fX)=tuU;
where Uy, U, are nonempty disjoint open sets in Y. Then
X=f'wyuf .

Since f is continuous, f~!(U;) and f~!(Us,) are open. They are disjoint and nonempty. This
contradicts connectedness of X. Hence f(X) is connected. O

[9.1.0.39] THEOREM (Intermediate Value Theorem). Let X be connected and f: X — R be
continuous. If a,be f(X) and a<r < b, then r € f(X).

Proof. Suppose, for the sake of contradiction, that r ¢ f(X). Let
A:=(—o0,1) and B := (r,00).
Then
f(X)< AUB.
So
X=ftAuflm.

Both sets are open, disjoint, and nonempty. This contradicts connectedness of X. Hence
re f(X). O

[9.1.0.40] DeFINITION (Directional Derivative). Given U < R" open, f:U — R™, a€ U, and
ueR", define
fla+tu)— f(a)

n .

Dy f(a) = lim
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[9.1.0.41] REMARK. In single-variable calculus,

fla+1t)— f(a)

/ 1
f(a)_ltli% t

Define A:R — R by

A(D) = f'(a)t.
Then
limf(a+ 1) — f(a)— A1) Mim fla+1) - f(a) _ @
t—0 t t—0 t

=0.

So for small ¢,
fla+1t) - f(a) = f'(a)t.

[9.1.0.42] DeriniTION (Differentiability). Given U < R” open and a € U, a function f: U —
R™ is differentiable at a if there exists a linear map B:R"” — R™ such that

fla+h)— f(a)—Bh
id
In this case, Bh approximates f(a+ h) — f(a).

-0 as h— 0.

[9.1.0.43] TueorEM. If f is differentiable at a, then for every u € R”, the directional deriva-
tive Dy, f (a) exists and
D, f(a)=Bu.

Proof. Since f is differentiable at a,

fla+tu)— f(a)— B(tu)
lzul

(0] ast—0.

Then
fla+tu)— f(a) B(tu) . fla+tu)— f(a)— B(tu)
t ot t
fla+tu)— f(a)— B(tu)

ii

=Bu+

The second term goes to 0 as t — 0. Hence

fla+tu)— f(a) .
t

Bu.

[9.1.0.44] ReEmARK. We use Df(a) to denote the derivative.

CHAPTER 9. METRIC SPACES
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9.2 Lebesgue’s Criterion for Riemann Integrability

The following is Thomae’s function. It is continuous at every irrational point and discontinuous at
every rational point. Nevertheless, it is Riemann integrable on [0, 1] with

1
f t(x)dx =0.
0

1, x=0,
t(x)=41/n, x=m/neQ\{0} in lowest terms,
0, x¢Q.

[9.2.0.1] DEeFINITION (Measure Zero). A set A has measure zero if for all € > 0, there exists
a countable collection of open intervals {O,,} such that

o0 [e.°]
Ac|JO, and Zl|on|se.
n=

n=1

[9.2.0.2] THEOREM (Lebesgue’s Theorem). Let f be bounded on [a, b]. Then f is Riemann
integrable if and only if the set of discontinuities has measure zero.

Proof. Let M >0 such that |f(x)| = M for all x € [a, b]. Define
D:={x¢€[a,b]: f is not continuous at x}.
D% :={x€[a,b]: f is not a-continuous at x}.

(<=). Suppose D has measure zero. Let € > 0 and set
€

a = 2(b—a)'

[9.2.0.3] PROBLEM. S

Solution. how there exists a finite collection of disjoint open intervals {G;,..., Gy} cover-
ing D% such that

N

€
2 Gl < 01
n=1




104 CHAPTER 9. METRIC SPACES

[9.2.0.4] PrOBLEM. L

Solution. et K := [a, b] \Uf;’=1 Gy. Show f is uniformly a-continuous on K. O

[9.2.0.5] ProBLEM. C

Solution. onstruct a partition P, such that
U(f)P{;’) —L(f,pg) 5,
O

(=). Suppose f is Riemann integrable. Given € >0 and a > 0, choose a partition P, such

that
U(f)pb’) —L(f,Pg) < @e.

[9.2.0.6] PROBLEM. (

Solution. a) Show D% has measure zero.

(b) Deduce D has measure zero. O
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Chapter 10

Appendix A

10.1 Homework 0

[10.1.0.1] ProBLEM. The transitive property for the rationals holds: if (a,b) ~ (a, ) and
(a, B) ~ (c,d), then (a,b) ~ (c,d).

Solution. Assume
(a,b) ~ (a, B) and (a,B) ~ (c,d).
By definition,
af =ab and ad = Pc.

Multiply the two equations:

(ap)(ad) = (ab)(Bo).
Cancel the common factors:

(apP)(ad) = (ab)(Bo).
Hence

ad = bc.

Therefore
(Cl, b) ~ (C) d)

[10.1.0.2] ProBLEM (Lemma 1.6 — Transitivity Proof). The transitive property for the ra-
tionals holds if (a,b) ~ (a, f) and («, B) ~ (¢, d), then (a, b) ~ (¢, d).

Solution. Assume
af=ab and ad = Pc.

107
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Then
(ap)(ad) = (ab)(Bc)
(ap)(ad) = (ab)(Bc)
ad = bc.
Hence (a, b) ~ (c,d). [

[10.1.0.3] ProBLEM (Proposition 1.8 — Addition is Well-Defined). Given (a,b) ~ (c,d) and
(a)ﬂ) =~ (Y) 6): ShOW
(aB+ab, bp) ~ (cb6 +vd, db).

This is how addition is defined:

(a,b) + (a, B) := (af + ab, bp).

Solution. From the relations,
ad = bc and ad = Py.
We compute
(aB+ab)(dd) = aBfdé + abdd
= (ad)(B6) + (ad)(bd).
Using ad = bc and a6 = Py, this becomes
(ad)(B6) + (ad)(bd) = (bc)(B6) + (By) (bd)

=bp(cod +yd).
Therefore
(aB+ ab)(dd) = (cb +yd)(bp),
SO
(aB+ab, bp) ~ (c6 +vd, db).
Hence addition is well-defined. O

[10.1.0.4] ProBLEM. Why must we use Z x (Z \ {0})? Show that the relation
(a,b) ~ (c,d) < ad = bc

is not an equivalence relation on Z x Z.

Solution. Suppose this relation is defined on Z x Z. Take
(a,b)=(1,0), (c,d) =(1,0), (e, /)=(1,1).

Then
(1,0) ~ (1,0)
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because
1-0=0-1.
Also
(1,0) ~(1,1)
because
1-1=0-1

is false, so this choice does not work. Instead take

(a,b) =(1,0), (c,d)=(0,0), (e, /)=(0,1).

Then
(1,0) ~(0,0)
because
1-0=0-0.
Also
0,0)~(0,1)
because
0-1=0-0.
But
(1,0) # (0,1)
because
1-1#0-0.
So transitivity fails. Hence this is not an equivalence relation on Z x Z. This is why the second
component must be nonzero. O

10.2 Homework 1

[10.2.0.1] ProBLEM (Greatest Lower Bound Property of R). Deduce the g.1.b. property from
the L.u.b. property. Let S <R and suppose S is bounded below. Show that

inf(S) = —sup{—x:x € S}.

Solution. Let
R={—x:x€S}.

Because S is bounded below, R is bounded above. By the l.u.b. property of R, there exists
a :=sup(R).
Since a = r for all r € R, we have

a=-s for all se S.
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Thus
—-a<s forall se S,

so —a is a lower bound of S. Now let § be any lower bound of S. Then
B<s forall se S,

SO
—B=-s for all se S.

Hence —f is an upper bound of R. Since a = sup(R), we have
a<-p.

Therefore
-a=p.
So —a is greater than or equal to every lower bound of S. Hence

inf(S) = —a = —sup{—x:x€S}.

[10.2.0.2] ProBLEM (Lemma 1.6 — Ordering of Squares). Suppose a,b e R and a,b > 0.
Then a? < b? if and only if a < b.

Solution. Assume
a® < b°.
Then
0<b’—a’=b-a)(b+a).

Because b+ a > 0, it follows that
b—a>0.

Hence
a<b.

Conversely, if a < b, then since a+ b > 0,

(b—a)(b+a) >0.

Thus
b?—a® >0,
SO
a® < b
Therefore

a?<b® < a<b.
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10.3 Homework 2

[10.3.0.1] ProBLEM (Subsets of Uncountable Sets).

(@) Let C < [0,1] be uncountable. Show there exists a € (0,1) such that Cn[a,1] is uncount-
able.

(b) Let A be the set of all a € (0,1) such that Cn[a,1] is uncountable, and define a = sup(A).
Is Cn[a,1] uncountable?

() Does the statement in (a) remain true if “uncountable” is replaced by “infinite”?

Solution. (a). For each n e N, define

A,=Cn

1 ]
— 1.
n+1
Then -

U A, =C\(Cn{op.

n=1
The set Cn {0} has at most one element, so if every A, were countable, then the countable

union
o0
U An
n=1

would be countable, and adjoining at most one point would still give a countable set. That
would imply C is countable, a contradiction. Hence some A, is uncountable. Set

@ = € (0,1).
+1
Then
Cnla,l]
is uncountable.
(b). Not necessarily. Take
C=10,1).

Then for every a€ (0,1),
Cnla,1]=la,1)

is uncountable, so
A=(0,1)

and hence
a=sup(A) =1.
But then
Cnla,11=CnJ[1,1] =g,

which is not uncountable. So the answer is no.
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(c). No. Take

C:{l:nel\l}c[o,l].
n

Then C is infinite, but for every a € (0, 1),
Cnla,l]

is finite. So the statement fails if “uncountable” is replaced by “infinite.” O

[10.3.0.2] ProBLEM (Arithmetic of Suprema). Let A, B< R be nonempty sets that are bounded
above.

(a) Define
C:={x:x=a+bfor some a€ A, be B}.
Show that
sup(C) = sup(A) +sup(B).

(b) Show there exists a monotonically increasing sequence (x,), with all x,, € A, such that
Xp — sup(A).

Solution. (a). Let
a :=sup(A) and f = sup(B).

Forall ae Aand be B,
a<a and b<p.

Hence
a+b<a+p.

So a + B is an upper bound for C, and therefore
sup(C) <a+ .
Now let € > 0. Since a = sup(A), there exists y € A such that
€
>a-——.
y>a-3
Since f =sup(B), there exists § € B such that
€
0>p——.
p 2
Then

Y+é6>a+p-¢.

Because y +6 € C, we have
sup(C)=zy+6>a+pf—e.
Since this holds for all € >0,
sup(C) = a + .

Thus
sup(C) = a + .
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(b). Let
a :=sup(A).

. 1. .
For each n €N, since @ — — is not an upper bound of A, there exists a, € A such that
n

1
a——<ap<a.
n

Now define
X1 :=a, X, :=maxix,_1,a,} fornz=2.

Then each x, € A, and (x,) is monotonically increasing. Also

Xp<a for all n.

Let £ > 0. Choose N € N such that )

—<e.

N
Then

an > a —€.
Since x, = ay forall n =N,
a—e<x,<a forall n>= N.
Thus
lx,—al<e for all n> N.

Hence

Xp — a =sup(A).

[10.3.0.3] ProBLEM (Limits of a Root). Let x,, =0 for all neN.

(@) If (x,) — 0, show that (/x) — 0.
(b) If (x,) — x, show that (\/x,)) — v/x.

Solution. (a). Let € > 0. Because x, — 0, there exists N € N such that for all n > N,
2

|x,] < é&°.
Since x, =0,
0<x,<Eée.
Taking square roots gives
0<yx,<Ee.
Hence
|vxn—0|<e

forall n=N. So
VX, — 0.
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Then for n> Ny,

SO

Hence

Therefore

2 1)_}1,
3

1

5

(b) (i)
Xn

@ (

Then for n = max{N;, N>},

CHAPTER 10. APPENDIX A

(b). Since x, =0 for all n» and x,, — x, we must have x > 0. Now

lxn — x|

O

If x =0, then this is part (@). So assume x > 0. Choose N; such that for n= N,

ot — x] < 2
Xn—X =,
" 2

X
x”>5,

VX +Vx=Vx.

| X, — x|

V= vE =

Now let £ > 0. Choose N, such that for n= N,

|x, — x| < eV/x.
|vVxn— Vx| <e.
AV, Xn — \/}.

[10.3.0.4] ProBLEM (Examples of Limit Convergence). Using only the definition of conver-
gence, prove that if x,, — 2, then

Solution. (@). Let € >0.

Then

Since x, — 2, there exists N € N such that for all n> N,

Ixn—2| < 7

3

3

2| 2|
= —|5, =
3 n

2 3¢
<_._
3 2
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=E.

Hence

3

1.

(b). Let £ > 0. Since x,, — 2, there exists N; such that for all n > Ny,

|x,—2| <1.
Then for n> Ny,
1<x,<3,
so in particular
Xn=1.
Also choose N, such that for all n > N>,
|x,—2| < 2€.

Now for n = max{Nj, N},

I 1| [2-xp
xn2_

Dity
|x, — 2|
2t

Hence

X, 2

[10.3.0.5] ProBLEM (Cesaro Means).

(@) Show that if (x,) converges to L, then the averages

X1+Xo+:--+ Xy
Yn=

n
also converge to L.

(b) Give an example where (y,) converges even though (x,) does not.

115

Solution. (a). Assume x, — L. Let
X1+ +Xp
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Then
(x1—LD+-+(xp—L)
Yn—L= .
n
Let £ > 0. Choose N such that for all n> N,
|x,—L|<E€.
Then
1 n
|Yn—Ll==3 lx—LI
nj=1
1 N-1 1 2
== Ixe—Ll+= ) lxe—L|
n =1 N =N
C n-N+1
<—4+———zt,
n n
where
N-1
C:=) lxk—LI
k=1
. C n—-N+1 .
Since — — 0 and ——— < 1, it follows that
n n
Hence
Yn — L.
(b). Take
Xn = (-D".
Then (x,) does not converge. But the averages satisfy
=0 and = !
Yok = Yok+1 = k1l

So
Vn — 0.

10.4 Homework 3

[10.4.0.1] ProBLEM (Infinite Products). Consider

(o.0)
[Ta+an where a,, = 0.
n=1

CHAPTER 10. APPENDIX A

(@) Find an explicit formula for the partial products when a,, = 1/n and decide whether they

converge. Also examine the case a, = 1/n?.
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(b) Show that the partial products converge if and only if )" a,, converges.

1
Solution. (@). If a, = —, then
n

This telescopes:

_23 m+l_
Pm=1"3 m '
Hence
pm _>OOy
. 1
so the product diverges. If a,, = pot then
L 1
n=1 n
The first few terms are
5 5 10
2, 2-—, 2:—-—,
4 9

This suggests convergence.

(b). Assume first that
o0
2 n
n=1
converges. Let
m
Sip= Y @i
n=1
Since a, =0, the sequence (s,,) is bounded. Also
1+a,<3%
for a, =0. Thus
m m
pm=[]Q+a, < []3%" =3

n=1 n=1
So (pm) is bounded above. Because each factor 1+ a, =1, (p,,) is increasing. Hence (p,,)
converges. Conversely, assume (p,,) converges. Then (p,,) is bounded. We claim

m
Pm=1+ ) an.
n=1

This is true by induction. For m=1,
p1= 1+a.

If it holds for m, then

Pm+1=Pm(l+ ams1)
m

> (1 +) an) (1+ ams1)

n=1
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m+1

=1+ ) ap.
n=1
Thus
m
1+ ) an<pm.
n=1

Since (p,,) is bounded, the partial sums of }_ a,, are bounded. Because a, > 0, the partial sums
are increasing. Hence

o0
D an
n=1

converges. 0J

[10.4.0.2] ProBLEM (Infinite Products Two).

(@) Does
2359 17
1 2 4 8 16
converge?
(b) Does
1357 9
246 8 10

converge to zero?

(¢) Show that
R e
(1-3)(3'5)(5'7)

at least converges.

Solution. (a). This product is

Using the identity

m 2 _ 2—m

H 1+ on = 5

n=1 2 1
or by the standard telescoping trick,

_ 1
Pm=2- om
Hence
Pm—2

So the product converges.
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(b). This product is
© 2k—1 00( )

i -

k=1 k=1
Each factor lies in (0, 1), so the partial products are decreasing and bounded below by 0. Hence
they converge. To determine the limit, note that

1 _12[(1+ 1 )
- 2k=1" ;50 2k-1)
k=1 zk
But
x 1]

diverges, so by the previous problem the reciprocal product diverges to co. Hence the original
product converges to 0. (c¢). The Wallis product can be written as

10_"[4;1_(1)
4n2-1 5\ 4n2-1)

n=1

Since
1 1

S_r
4n%2—-1" n?

X 1
Loz

0<

and

converges, it follows by comparison that

e 1

)3

n=1

4n? -1

converges. Therefore the infinite product converges. O

[10.4.0.3] ProBLEM (Iterated Series). Show that if

§i§§|“ﬁ|

i=1j=1

converges, then
oo o0
> ) aij
=1 =1

converges.

Solution. For each fixed i, the series

converges. Hence
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converges absolutely, and therefore converges. Let
o0 oo
bi::Z|ai]~| and ci::Zaij.
j:l j:l
Then

Since

converges, comparison implies
converges. Thus

converges.

10.5 Homework 4

[10.5.0.1] ProBLEM. Decide whether the following sets are open, closed, or neither. If a
set is not open, find a point in the set for which there is no e-neighborhood contained in the
set. If a set is not closed, find a limit point that is not contained in the set.

1) Q
(2) N
(3) {(xeR:x#0}

1 1 1
4) J1+-+—-+---+—=:neN
(){ 4 9 n2 " }

1 1 1
(5) {1+—+—+---+—:n€|\|}
2 & n

Solution.

(1) Q is neither open nor closed. It is not open because if g€ Q and € > 0, then (g —¢,q +¢)
contains irrational numbers, so no e-neighborhood of ¢ lies in Q. It is not closed because

Vv'2 is a limit point of Q but v2 ¢ Q.
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(2) N is closed but not open. It is not open because if n € N and € > 0, then (n—¢,n+¢)
contains non-natural numbers. It is closed because every point of N is isolated, so N has
no limit points in R outside itself.

(3) {xeR:x#0}is open but not closed. Indeed,
{xeR:x#0}=(—00,0) U (0,00),

which is open. It is not closed because 0 is a limit point and 0 is not in the set.

(4) Let
1 1 1
S4::{1+—+—+---+—:nel\l}.
4 9 n?

This set is not open because each point is isolated. It is not closed because the sequence

of its elements converges to

71'2

g1
n:lnz_ 6,
2
T
and — ¢ S,.
5 4

(5) Let

1 1 1
Sgi=41+—+—+---+—:neNy;.
2 3 n
This set is not open because each point is isolated. It is closed because the harmonic

partial sums diverge to +oo, so S5 has no finite limit points.
(]

[10.5.0.2] ProBLEM. Let A be nonempty and bounded above so that s = sup(A) exists.

(@) Show that s € A.

(b) Can an open set contain its supremum?

Solution. (a). Let € > 0. Because s = sup(A), the number s— ¢ is not an upper bound for A.
So there exists a € A such that
s—e<ass.

Hence
la—s|<e.

Therefore every e-neighborhood of s meets A, so

s€A.

(b). Yes. For example, let
A=(0,1)

and let
U=(-1,2).
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Then U is open and contains sup(A) = 1. O

[10.5.0.3] ProBLEM. Decide whether the following statements are true or false. Provide
counterexamples for those that are false, and supply proofs for those that are true.

(@) An open set that contains every rational number must necessarily be all of R.

(b) The Nested Interval Property remains true if the term “closed interval” is replaced by
“closed set.”

(c) Every nonempty open set contains a rational number.
(d) Every bounded infinite closed set contains a rational number.

(e) The Cantor set is closed.

Solution. (a). False. Take

R\ {V2}.

This set is open, contains every rational number, but is not all of R.

(b). False. Take
F,={nn+1,n+2,..1}

Each F, is closed, the family is nested, and each F, is nonempty. But

(e, 0)
( F.=2.
n=1

(c). True. Let U be a nonempty open set and choose x € U. Then there exists £ > 0 such that
(x—¢g,x+€e)cU.

Because Q is dense in R, there exists g € Q such that
ge(x—¢g,x+¢).

Hence g e U.

(d). False. Take
S:= {\/§+%:n€|\l}u{\/§}.

This set is bounded, infinite, and closed, but it contains no rational number.

(e). True. The Cantor set is an intersection of closed sets, so it is closed. O
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[10.5.0.4] ProBLEM. Assume A is an open set and B is a closed set. Determine if the
following sets are definitely open, definitely closed, both, or neither.

(@) AUB

(b) A\B={x€e A:x¢ B}
© (A°uB)*

(d (AnB)U(A°NB)

(d) A°nAc

Solution. (a).
AUB

is definitely closed. It need not be open.

(b). Since B is closed, B¢ is open. Thus
A\B=AnB"
is an intersection of two open sets, hence is open.
(c). By De Morgan’s law,
(A°UB)‘= AnB°.
By part (b), this is open.
(d). Factor out B:
(ANB)U(A°NB)=(AUAYNB=RNB=B.
So this set is definitely closed.

(e). Since A is open, A€ is closed, so

Ac= A°,
Also
AcAc
Hence
A‘NAC=A‘nA°=7A"
Because A is closed, A° is open. So the set is definitely open. O

[10.5.0.5] PROBLEM.

(@) Prove that
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(b) Does this result about closures extend to infinite unions of sets?

Solution. (a). Because

we have
AUB< AUB
Since AU B is closed, it follows that
AUB< AUB
Conversely,
ACAUB and B< AUB,
SO _ _
AcC AUB and B< AuB
Hence e
AUB<C AUB
Therefore e
AUB=AUB

(b). No. For example, let

Then each A,, is closed, so

o — 1
n=1 n
But
o 1
U An:{—:neN}u{O}.
n=1 n
So the equality fails for infinite unions. O

[10.5.0.6] DeFiNITION (Connectedness).Given a metric space (X, d), we say X is connected
if it is impossible to write
X=U,ulU,

as a disjoint union of nonempty open sets such that

UnU,=2.

[10.5.0.7] ExampLE (Examples of Connected Sets).
R, R", la, D].
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[10.5.0.8] ProBLEM. Prove that the only sets that are both open and closed are R and @.

Solution. Suppose S <R is both open and closed. Then S¢ is also both open and closed. If
S# @ and S #R, then
R=Sus*

is a disjoint union of two nonempty open sets. This contradicts that R is connected. Therefore
the only clopen subsets of R are R and &. O

[10.5.0.9] ProBLEM. Decide which of the following sets are compact. For those that are
not compact, show how the sequential definition breaks down by giving a sequence in the set
that has no subsequence converging to a limit in the set.

@ N

(b) @nIo,1]

(¢) The Cantor set

1 1 1
(d) {1+?+3—2+---+?:n€|\|}

1234
€ ]-y_r_)_y_»---
® {13555

Solution. (a). N is not compact. The sequence x,, = n has no convergent subsequence in N.

(b). @nJ0,1] is not compact. Choose a sequence of rationals converging to an irrational
number in [0,1], for example a rational sequence converging to v/2/2. No subsequence can
converge to a point in Q N[0, 1].

(c). The Cantor set is compact because it is closed and bounded.

(d). Let
B 1 1
N 1+§+?+---+ﬁ nenN
The sequence of its elements converges to
© ] B 77.'2
n=1 n® - 6 ’

which is not in S. So S is not compact.

(e). The set
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is compact. Indeed,
n

n+1
and 1 is already in the set. Thus it is closed and bounded. O

—
)

[10.5.0.10] ProBLEM. Consider each of the sets listed in the previous problem. For each
one that is not compact, find an open cover for which there is no finite subcover.

L el

This is an open cover of N with no finite subcover.

Solution. (a). For N, take

(b). For @n[0,1], let @ = v/2/2 and define
1 1
Uy = (O,a——)u(a+—,1).
n n
Then -
Qnlo,11< |J U,
n=1

because «a is irrational. But no finite subcollection covers all rationals in [0, 1], since finitely
many of these still omit rational numbers arbitrarily close to a.

(d). Let
o1 1

Sp = 1+§+§+"'+F.

Then the family
1 1
Shy——, Sp+—|:neN
{( " o1on" " IOn) }

is an open cover of the set, and no finite subcollection covers all of it. O

[10.5.0.11] ProBLEM. Assume K is compact and F is closed. Decide if the following sets
are definitely compact, definitely closed, both, or neither.

@ KnF

(b) Feuke

(©) K\F={xeK:x¢F}

(d) KnFe

Solution. (a). KnF is both closed and compact. It is closed as the intersection of closed sets,
and it is compact as a closed subset of a compact set.
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(b).
F¢uK*

is definitely closed. It need not be compact.

(c).
K\F=KnF°.

This is not definitely open or closed in the ambient space, so in general it is neither.

(d).

KnFe¢
is closed by definition. Also
KnF°cK,
so its closure is a closed subset of the compact set K. Hence it is compact as well. So it is both
closed and compact. O

[10.5.0.12] ProBLEM. Use the epsilon-delta definition to supply proper proofs for the fol-
lowing limit statements.

@) limy_»>3Bx+4)=10

(b) limy_ox>=0

© limy_p(x*+x-1)=5

(d) limy_31/x=1/3

Solution. (a). Let £ > 0. Choose
0:= E.
3
If |[x-2| <6, then
|Bx+4)—10|=|3x—-6|=3|x—-2| <30 =€¢.

(b). Let € > 0. Choose
b=z
If |x| <6, then
|x3| =1xP<63=¢.

(c). Let € > 0. Choose
. €
D= mln{l,—}.
6

If [x-2| <&, then |[x-2| <1, so
1<x<3,
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and hence
|x+ 3| <6.
Therefore
|(x2+x—1)—5| = |x2+x—6|
=[(x+3)(x—2)|
=|x+3||lx—2]
<60
<e.
(d). Let £ > 0. Choose
0 '=min{l,6&}.
If |[x-3| <6, then |x-3| <1, so
2<x<4,
and in particular |x| = 2. Thus
1_ 1‘ _[3=x
x 3| | 3x
lx—3|
3|x|
|x—3|
-6
1)
< R
6
<e.
10.6 Homework 5
[10.6.0.1] ProBLEM (Exercise 6.2.1). Let
= e

(@) Find the pointwise limit of (f;) for all x € (0,00).
(b) Is the convergence uniform on (0,00)?
(c) Is the convergence uniform on (0,1)?

(d) Is the convergence uniform on (1,00)?

CHAPTER 10. APPENDIX A
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Solution. (a). For fixed x >0,

Fol) = nx X 1
" 1+nx2 1 5 52
—+x
n
So the pointwise limit is
fx)=-=
(b). The convergence is not uniform on (0,00). Indeed,
1 nx 1 1
X-——|=|l———s-—|=—.
n®) x ‘1+nx2 x| x(1+nx?)
1
Take x = —. Then
n 2
1/n)—n|= ,
| fn1/n) - n| .

which does not go to 0. (¢). The convergence is not uniform on (0,1) for the same reason,

. 1
since — € (0,1) for large n.
n

(d). The convergence is uniform on (1,00). If x > 1, then

Fol) 1 1 _ 1
xX)—-—|= < .
" x| x(A+nx3) 1+n

Since

T 0, the convergence is uniform. O
n+

[10.6.0.2] DerFinIiTION (Uniformly Differentiable). A function f is uniformly differentiable
on A if for every € > 0, there exists § > 0 such that

fO-f» ) f(y)

0<|x-y|<6 = -f'y|<e.

[10.6.0.3] ProBLEM (Exercise 6.2.4). If a function is uniformly differentiable, then its deriva-
tive must be continuous.

Solution. Let € > 0. By uniform differentiability, there exists § > 0 such that whenever

0<|x—y| <6,
we have FO—FO)
JW=JW £
=y <
Also,

f)-fy»)  fy-fx
x-y  y-x
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SO
IO _ oo <.
Hence
/ _ gl / _f(y)_f(x) ‘f(x)_f(y)_ /
@Ol |f0-= ==+ ==~ f®)
2.8
2 2

=€.

Therefore f’ is continuous. O

[10.6.0.4] PrOBLEM (Exercise 6.2.6). Assume f, — f pointwise on a set A. Provide exam-
ples showing that all of the following propositions are false if the convergence is only point-
wise. Then decide which are true under the stronger hypothesis of uniform convergence.

(@) If each f, is uniformly continuous, then f is uniformly continuous.
(b) If each f, is bounded, then f is bounded.

(c) If each f,, has a finite number of discontinuities, then f has a finite number of disconti-
nuities.

(d) If each f, has fewer than M discontinuities, where M € N is fixed, then f has fewer than
M discontinuities.

(e) If each f,, has at most a countable number of discontinuities, then f has at most a
countable number of discontinuities.

Solution. (a). Take
frn(x) = x" on [0,1].

Each f,, is uniformly continuous. The pointwise limit is
0, 0=sx<l1,
(x) =
/ { I, x=1,

which is not continuous, and therefore not uniformly continuous. Under uniform conver-
gence, the statement is true.

(b). Take
X, x<n,
f n(x) = {
n, x=n.
Each f,, is bounded. The pointwise limit is

fx)=x,
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which is unbounded. Under uniform convergence, the statement is true.

(c). Define
_ ) lxl, x€[0,n],
fn(x)_{x, x ¢ [0, n].
Each f,, has finitely many discontinuities. The pointwise limit is
X, x<0,
/e _{LxJ, x20,

which has infinitely many discontinuities. Under uniform convergence, this statement is false
in general.

(d). Take

falx) = 1+nx%

Each f, is continuous, so with M =1 each has fewer than 1 discontinuities. But the pointwise
limit is
1, x=0,
flx)=
0, x#0,

which has one discontinuity. Under uniform convergence, the statement is true.

(e). A standard counterexample is a sequence of functions converging pointwise to the Dirich-
let function

) 1, xeQ,

X) =

AT 0, x¢Q.

The limit has discontinuities at every real number, so the set of discontinuities is uncountable.
Under uniform convergence, the statement is true. O

[10.6.0.5] ProBLEM (Exercise 6.2.8). Let (g,) be a sequence of continuous functions that
converges uniformly to g on a compact set K. If g(x) # 0 on K, show that (1/g,) converges
uniformly on K to 1/g.

Solution. Since g is continuous on compact K and never vanishes, there exists m > 0 such
that
lgx)|=m  forall xe K.

Because g, — g uniformly, choose N; such that for all n = Ny,
m
|gn(x)—g(x)|<? for all xe K.

Then for n> N,

|gn(®)] = [8(x)| - |gn(x) —g(x)| = m -

e

m
5"
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Now let £ > 0. Choose N, such that for all n > N>,

2
|gn(0) - g()| < % for all x € K.

Then for n = max{N;, N>},

11 _‘g(x)—gn(x)
gn(x) g | | gulx)gx)
_ |gn(x) - g(x)]
(m/2)m
(em?)/2
m?2/2
=¢.
Hence
L
& &
uniformly on K. O

[10.6.0.6] ProBLEM. Assume (f,) and (g,) are uniformly convergent sequences of func-
tions.

(@) Show that (f;, + g5) is a uniformly convergent sequence of functions.

(b) Give an example to show that the product (f;,g,) may not converge uniformly.

(c) Prove that if there exists an M > 0 such that |f,| < M and |g,| < M for all n €N, then
(fngn) does converge uniformly.

Solution. (a). Suppose
fa— f and 8&n— 8
uniformly. Let € > 0. Choose N; such that for all n>= Ny,

| fn(0) = f0)] <§ for all x.
Choose N, such that for all n= N>,
|gn(x) - g()| < g for all x.

Then for all n = max{N;, N>},
|(fa+ 80— (F+ Q@) < |fu0) — F(2)| + | gn(x) — )|

<E.

So f,+gn— f + g uniformly. (b). Take

1 1
=0 =, =X+— n R.
fanx)=x n gnx)=x p. o)
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Then f,, — x and g, — x uniformly on R. But
1

2X
fu(x)gn(x) —x* = —

and the supremum of this difference over R is not finite. So (f,,g,) does not converge uniformly
on R. (c). Assume

fo— fo 8n— 8
uniformly, and
|fn(x)|SM, |gn(x)|sM
for all x and all n. Then also
|fo| =M, lg)| = M.
Now
| /(0 8n(x) = F(O8X)| < | fn(x)|| gn(x) — g()| + |8 || fr(x) — £ ()]
< M|gn(x) — g(x)| + M| fu(x) = f(x)].
Let € > 0. Choose N such that for all n> N,

& €
| fn(x) = f(0)] < oy and |gn(x) - g(x)| < i

for all x. Then for n> N,
| fn(X)gn(x) - fFO)g0)| <&
for all x. Hence (f,,g,) converges uniformly to fg. O
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