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Chapter 1

Introduction to Algebraic Geometry

Generally, people denote that Algebraic Geometry is the study of the zero set of polynomials. For
example:

Figure 1.1: Unit Circle in the Reals

But we will be looking at solutions in specifically C.

1.1 Algebraic Curves of the Plane

[1.1.0.1] DeriniTION (Affine Space).Let A" =C", which are n-tuples of complex numbers.

For example we can have (z1, z») € C*> where z;, 2, € C. In fact, C[x;, ..., x,,] is the polynomial algebra
in n-variables. If f(x,y) =x?>+y?>—1, then {f =0} <C"=A", or {x*+y*-1=0}

[1.1.0.2] DEFINITION (Affine Plane Curve).In fact f(x;,x2) = x5+ x5 —1, thus {f =0:x,x; €
C} € A2, the affine plane, called an affine plane curve. Note that this curve is a R—dim(f) =2,
but € — dim(f) = 1
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We often only plot the real component of affine plane curves. But if A =C, it is called an affine line,
where C—dim =1 and R - dim = 2, since we can create a complex number with two real numbers
adjoined with i.This is due to the fact that if y—x? = 0, then we cannot draw a complex graph, but
we can draw the real component as a parabola.

Figure 1.2: Two Graphs of Real Components

[1.1.0.3] DeriNiTION (Affine Algebraic Curve).C is an affine curve defined by {f(x,y) =
0,x,y€C} S A2

[1.1.0.4] DerinITION (Degree of C). This is saying the same as the degree of f, which is the
sum of the highest power in each variable.

deg({xy+x+y=0}) =2

. But all degree 2 affine plane curve polynomials are conics.

LEMMA. Every affine conic is of the form:

1. x> —y? =1 (Hyperbola);

2. y = x? (Parabola),

which are equivalent by change of coordinates (basis).

[1.1.0.6] ProBLEM. Show that ellipses can change into one of these forms.

Solution.
L]

Throughout this course we will be working with algebraically closed fields, for example R is not
algebraically closed.
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[1.1.0.7] DeFiNiTION (Algebraically Closed). If every non-constant polynomial has a root in
the field.

[1.1.0.8] ExamPLE. An example that R is not closed is shown when
{x2+1:0:x€R}:<p

For any field, F, there exists [ that is the smallest algebraically closed field containing F called
the algebraic closure of F. For example R = C.

[1.1.0.9] ProrosiTION. Let K be a arbitrary field, f, g € K[x, y] which are irreducible poly-
nomials, meaning ti cannot be factored into non-constant. If g is not divisible by f, then
f(x,y) = g(x,y) =0 by only finitely many satisfying solutions.

We can easily understand the relationship between {f(x,y) =0: x,y € C} — C, but what about the
inverse direction. This is one of our goals in Algebraic Geometry. Given C, an algebraic curve which
is irreducible, then we can understand its defining {f(x, y) = 0} up to scalar.

[1.1.0.10] DeFiNITION (Smooth Curve). A polynomial equation that is differentiable at all
points.

[1.1.0.11] LeEMMA. Any smooth affine conic is isomorphic to an affine plane curve.

In fact, over R any conic can be given by either a hyperbola, parabola, or ellipse; However, this
is not true over the complexes. If we have C = C as affine plane curves, then we can write the
following commutative diagram:

Change in
Coordinates

+ [T]le

Figure 1.3: Isomorphism of Affine Curves through Change in Basis

If we take the following conic C: {f(x,y) = x> + y> —1 = 0}, which is a circle, then we can translate
it to a conic in the complexes by:

X— X

y—iy
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x2+y2—1-—>x2—y2—1

1.2 Rational Curves

Let C be an affine plane curve in AZ.

[1.2.0.1] DeriniTIiON (Rational). C is rational if it can be parametrized by rational functions
such that there exists rational functions ¢, such that

x=(1)
y=wy(1),
and f(x,y) =0.

[1.2.0.2] DeriNiTION (Rational Function). A quotient of rational polynomials.

£ +31°+5
r—1
is a rational function. The domain is C\{1}. In fact, any complex line is rational due to parametriza-
tion.

fx,y)=2x+3y-5,
We can parameterize

f,y)=x-2,
x=2
y=t

We can even parametrize the conic C: {y— x% =0} as

But simply allowing one to keep parametrizing these conics through a process of implicit isolation,
we cannot have a rational function at all times. For example:
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C:{xz—yzzl}
xX=1
y=VvVi-1,

but the square root is not rational. Thus we must look at an isomorphism of this affine plane curve,
by drawing a morphism between C = C: {x? + y> — 1 = 0} Note that any smooth conic is rational,
due to being over any algebraically closed field.

[1.2.0.3] LEmMA. If C is rational plane curve, and C = C', then C' is rational.

[1.2.0.4] LEMMA. Any affine smooth cubic that is also infinitely smooth is never rational.
And any smooth projective cubic curve is never rational.

d-1)(d-2
A counter example of this is if we have genus g = u Any d = 4 with 3 nodes contains

all rational curves without a line to connect all other points.

1.3 Function Fields

Let X :={f(x,y) =0< A? over C}. And assume that X is irreducible.

[1.3.0.1] LEmMA. Consider a rational function u(x,y) = p(x,y)/q(x,y) and (f 1 g)(x,y). Let
pi1(x,y)
q1(x,y)

ulx,y) = up(x,y) = if and only if pg; — p1 g is divisible by f.

Note that {f = 0} n{g = 0} is only finitely many points when f{ q. Thus we can simplify this lemma
into a simple statement of:

[1.3.0.2] LEMMA. u(x,y) = v(x,y) if and only if fl(pg1 — p19) f|(pgr—p19) fl(pg1—p1q)

[1.3.0.3] DEFINITION (Function Field). Define C(X): field of all such rational functions.

But why do we want f{g? It is because when u = p/g, it is a rational function on A%\ {q = 0}. Thus

we can consider the notation P , which is the notation for the restriction on X. Which is if and

qlx
only if f1g. Thus these forms of restrictions on rational functions can create the needs for regular

functions as we are now restricting to point P or a set of finite points.



14 CHAPTER 1. INTRODUCTION TO ALGEBRAIC GEOMETRY

[1.3.0.4] DeFINITION (Regular).If ue C(X) and point P € X, then u is regular at point P if
u has an rational function such that g(P) # 0.

[1.3.0.5] DerINITION (Regular Function). u is regular at all points X\{qg = 0}n X, with finitely
many points.

1+ ) .
Consider x: {x*+y?>=1}and u= Y Isu regular when x = 0? We in fact claim that at P = (0,-1),
X

1_
lim u:—y

= oo, thus not regular.
(x,y)—(0,1) X

[1.3.0.6] DeriniTION (C[X]).Let X be an affine algebraic set defined by a polynomial f(x, y) €
CIlx, yl. The ring of regular functions on X is

CIX]:=Clx, y)/ (f(x, ).
[1.3.0.7] DerFiNiTION (Integral Domain). A ring R is integral if it has no zero divisors.

[1.3.0.8] DeriNiTION (Field of Fractions). Let R be an integral domain. Then

Frac(R)::{%:a,bE’R, b#0, %:g — ad:bc}.

[1.3.0.9] LeEmMA. For any integral domain R, there exists a corresponding field of fractions
Frac(R).

R=27,
Frac(R) = Q,
Ry =C[X],

Frac(R,) = C(X).

Recall that
C(X) = Frac(C[X]) = Frac(Clx, y1/ (f (x, y))).

Equivalently,
CX) =C Iyl (f(x, ).

This means elements of C(X) can be viewed as rational functions in x, where y is algebraic over
C(x) via the relation f(x,y)=0.



1.4. RATIONAL MAPS 15

[1.3.0.10] THEOREM. X is rational if and only if C(X) = C(t) for some transcendental ele-
ment ¢.

1.4 Rational Maps

Let X, Y be irreducible plane curves. Recall that if u = Z € C(X), then u is defined at all but finitely

many points of X. Thus we may view
u:X--»Al

Given u, v e C(X), we get a rational map

(u,v): X --» A%

[1.4.0.1] DeriNiTION (Rational Map). A map ¢: X --+Y is rational if and only if there exist
rational functions u, v € C(X) such that (u, v) : X --» A? factors through Y.

Thus

(u,v) =tog,

that is,
Im(u,v)cY.

[1.4.0.2] REMARK. If C is a rational curve, then there is a rational map
Al--sC.
That is, if C: {f(x,y) = 0} € A2, then a rational parametrization has the form
x = u(1), y=uv(t)

for some rational functions u(t), v(¢) € C(¢).

Let the line £ < A%. Let P € A? be a point with P ¢ ¢.
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Consider the projection map

P:A%\ /¢ — ¢,
x— P(x).

Then we may consider the restriction
Plc:C-->¢,

where C is any irreducible curve.

[1.4.0.3] DerINITION (Birational).A rational map ¢ : X --» Y is birational if and only if
there exists a rational map v : Y --» X satisfying

(1) oy =1Idy,
(2) U/O(P:IdX;

whenever defined.

We call two curves birational if and only if there exists a birational map between them.

[1.4.0.4] THEOREM. X is rational if and only if C(X) = C(r).

Proof. If X is rational, then X is birational to A!. A birational map induces an isomorphism

of function fields, so
C(X)=CAH =C(p).

Conversely, suppose C(X) = C(t). Then C(X) is isomorphic to a purely transcendental exten-

sion of degree 1. By Liiroth’s Theorem, the intermediate field comes from a single rational
parameter. Hence X is birational to A!, so X is rational. OJ

[1.4.0.5] TaEOREM (Liiroth’s Theorem). Let K < C(¢) be a subfield with C € K. Then there
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exists r(t) € C(¢) such that
K =C(r(1)).
1.5 Singular and Non-singular Points

Let C:{f(x,y) =0} = A?, and let P € C such that f(P)=0.

[1.5.0.1] DerInITION (Singular Point). A point P is singular if and only if

0

—f(P) =0 and Q(P) = (0.
0x o0y
[1.5.0.2] LEmMA. If P =(0,0) € C, then f(x,y) has no constant term.

[1.5.0.3] LeEmMA. If P is singular, then f(x,y) has no linear term.

[1.5.0.4] DeFINITION (Smooth Curve).If for all P € C, the point P is non-singular, then C is
smooth.

Smoothness is invariant under affine change of coordinates. It suffices to check that
-y -1=0 and x*-y=0

are smooth.

[1.5.0.5] THEOREM. An irreducible curve C has only finitely many singular points.

Proof. Let P e C. Define

0x
If P is singular, then P € CnC’. From the lemma, either Cn C’ is finite or C divides C’, that is,

c'={2L ~o}.

of
fl A However, ¥
deg(—ax) <deg(f),

0 0
so this is impossible unless of = 0. Similarly, 6_f = 0. If both partial derivatives are zero, then
X

f is constant. Since we are working over C with char = 0, this cannot define a curve. Hence
there are only finitely many singular points. O
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[1.5.0.6] DerFiNniTION (Multiplicity).Let C be a curve and P € C. Assume P = (0,0). Then
Mult(P) is the smallest degree of a nonzero monomial appearing in f(x, y).

fay)=x-y+x°,
= Mult(0,0) = 1.
Recall that Mult(P) =1 if and only if f contains a linear term, which implies that C is smooth at P.

fl,y) =xy,
— Mult(0,0) = 2.

f,y)=y>-x°,
— Mult(0,0) = 2.

If C is a curve of degree n, then any point on C has multiplicity at most n.



Chapter 2

Algebraic Varieties

2.1 Affine Varieties

Let K =K, as in an algebraic closure such as C or F,. We have already studied how
A" ={(ay,...,a,) : a; € K}.

Here Al is a line, and A? is a plane.

[2.1.0.1] DeriNiTION (Zariski Topology). A closed subset of A" in the Zariski topology is a
set
Z={fi(x1,...,xp) =0:i €},

where f; e K[xy,...,x,] for all i € I. We call this the zero set of the family {f;}c;.

For example, the Zariski topology in A! consists of:

(1) 9, when f=1,s0{1=0}=2.

(2) Finite sets of points, since

f)=x-a)® - (x—ayh

has finitely many zeros.

(3) All of A!, when there are no equations imposed.

Whereas in A2:

19
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This figure shows some points in the zero set that are of dimension 0, 1, and 2. This can be very
thin if closed and dense if open.

[2.1.0.2] ProrosiTiON. Affine varieties give a topology on A”. In particular:

(1) @ is closed, since {1 =0} = @.
(2) A" is closed, corresponding to the empty family of equations.
(3) Arbitrary intersections of closed sets are closed.

(4) Finite unions of closed sets are closed.

Proof. For (3), if Zy ={fy,; =0:i€ I,}, then
ARZ
aeA

is again the zero set of the union of all the defining equations.

For (4), if
Zi1={fij=0} and Z ={for=0}
then
Z1UZy ={fijfor =0 for all j, k}.

LEMMA. A curve is non-singular if the dimension of the tangent space is the same
as the dimension of the curve.

[2.1.0.4] DeriniTION (Ideal).An ideal I c R in a commutative ring is a subset such that:

1. I is a subgroup under addition, so if iy, i; € I, then i; + i € I.

2. IfteRand i€, theni€l.
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Then I is equal to the set of finite linear combinations of some family of functions (f;).
[2.1.0.5] ProrosiTiON. If Z ={f; =0}, then Z = Z(I) where I = (f;).
How do we find uniqueness? Recall the following lemma.

[2.1.0.6] LEMMA. Any affine variety in A” can be given by finitely many equations.

Proof. Let Z ={f; =0}. Then K[xy,..., x,] is Noetherian, so every ideal is finitely generated.

The descending chain
{i=02{fi=f2=02--

corresponds to the ascending chain
(fweh, s .

Since the ring is Noetherian, this chain stabilizes.
Hence only finitely many equations are needed.

Uniqueness is expressed canonically by passing to the ideal 1(Z). O

[2.1.0.7] DeriniTION (Noetherian Space). A topological space is Noetherian if and only if it
satisfies the descending chain condition on closed subsets. That is, for every chain

12,2

of closed subsets, there exists an integer r such that

Y, =YY=,
A" is Noetherian. If
iavns-.-,
then
IM)cl(Y))s---

is an ascending chain of ideals in A = K[xy,...,x,]. Since A is a Noetherian ring, this chain of ideals
is stationary. Since for all i, Y; = Z(I(Y;)), the chain of Y; is stationary as well.

[2.1.0.8] ProprosiTiON. In a Noetherian space X, every nonempty closed subset Y can be
written as a finite union of irreducible closed subsets

Y=Yu---uY,.

If we also require that Y; £ Y; for i # j, then the Y; are uniquely determined. These are called
the irreducible components of Y.
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Proof. Let £ be the set of nonempty closed subsets of X which cannot be written as a finite
union of irreducible closed subsets.

If £ is nonempty, then since X is Noetherian, it contains a minimal element, say Y.

Then Y is not irreducible, by definition of £. Thus
Y=Y'uY”",
where Y' and Y"” are proper closed subsets of Y.

By minimality of Y, each of Y’ and Y” can be written as a finite union of irreducible closed
subsets. This gives a decomposition of Y, a contradiction.

Hence every nonempty closed subset can be written as a finite union of irreducible closed
subsets.

Now assume
Y=Yju---uY,=Y{u---uY]
where all Y; and Y]( are irreducible, and no one contains another.

Since
Y/srhu---uY,

and Yy is irreducible, we must have Y} < ¥; for some i. Similarly, ¥; < Y/ for some j. By the
non-containment assumption, this forces equality.

Proceeding by induction on the number of components gives uniqueness. O

[2.1.0.9] DEFINITION. Suppose R is a commutative ring with 1. Then
VI={feR:3k=1such that fXe 1.

[2.1.0.10] LEMMA. V1 is an ideal.

[2.1.0.11] THEOREM (Hilbert’s Nullstellensatz). Let A be an ideal in A = K[x;,...,x,], and
let f € A be a polynomial that vanishes at all points of Z(A). Then f" € A for some integer
r>0.

Proof. This proof will consult many different theorems, including a paper by Daniel Allcock
[All]. O
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2.1.1 Hilbert’s Nullstellensatz

See [All].

[2.1.1.1] THEOREM. Let K be a field and let F be a field extension that is finitely generated
as a [K-algebra. Then F is algebraic over K.

[2.1.1.2] DerINITION (Algebra). An algebra over a field is a vector space equipped with a
bilinear product.

[2.1.1.3] DerInITION (Bilinear). A bilinear product satisfies distributivity and compatibility
with scalar multiplication in each variable.

[2.1.1.4] THEOREM. Suppose K is infinite and F = K(x). If fi,..., f;; € F, then the K-algebra
A generated by them is strictly smaller than F.

Proof. To see this, choose c € K away from the poles of the rational functions f;. Then no

element of A can have a pole at ¢, so

1
— ¢ A
xX—c

Thus A is strictly smaller than F. O

[2.1.1.5] DeriniTION (Pole). A pole of a rational function is a value where the denominator
is 0.

[2.1.1.6] THEOREM. Assume F is transcendental over K. Then F is not finitely generated as
a K-algebra.

Proof. Assume toward a contradiction that F is finitely generated as a [K-algebra. First suppose
F has transcendence degree 1. Then F contains a subfield K (x) and is algebraic over K(x).
Finite generation then implies that F has finite dimension over K (x). Choose a basis e,...,es

such that »
D ajji\X
eiej =), by 1) €k,

k
with a; i, b;ji € K[x]. Let fo =1 be among the generators, and write
cij(x)

e
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with ¢;j,d;j € K[x]. Then any element a € A is a K-linear combination of products of the
generators. Expanding in the basis shows that denominators come only from finitely many
b’s and d’s. Hence there exists an irreducible polynomial in K[x] whose reciprocal does not
lie in A. So A is strictly smaller than F. This is a contradiction. If F has transcendence degree
greater than 1, reduce to the transcendence degree 1 case by choosing an intermediate purely
transcendental sub-extension. O

[2.1.1.7] DeriNiTION (Transcendence Degree). The transcendence degree of an extension
field K over a field F, denoted t—deg(K/F), is the size of a maximal algebraically indepen-
dent subset over F.

Thus Q(r) and Q(r, %) still have transcendence degree 1. This is because 7 is algebraic over Q(r).

[2.1.1.8] THEOREM (Weak Nullstellensatz). Let K be an algebraically closed field. Then
every maximal ideal in the polynomial ring

R=KI[x1,...,X,]

has the form
(X1 —ay,...,xp—ay)

for some ay,...,a, € K.

As a consequence, a family of polynomials on K” with no common zero generates the unit
ideal of R.

Proof. If m is a maximal ideal of R, then R/m is a field finitely generated as a [K-algebra.
By the previous theorem, it is algebraic over K. Since K is algebraically closed, it follows that
R/m =K. Thus each x; maps to some a; € K under the quotient map. So m contains the ideal

(x1—ai,...,xp—ap).

Since this is also maximal, equality holds.

For the second statement, if the given family generated a proper ideal, then that ideal would
lie in some maximal ideal. By the first part, that maximal ideal corresponds to a point in K”
where all the polynomials vanish. This contradicts the assumption that they have no common
Zero. 0J

[2.1.1.9] THEOREM (Hilbert’s Nullstellensatz). Suppose K is an algebraically closed field
and g, fi,..., fm € R=KI[x1,...,x,]. If g vanishes on the common zero-locus of fi,..., fi;, then
some power of g lies in the ideal generated by fi,..., fin.

Proof. The polynomials fi,..., f;» and x,.1g — 1 have no common zero in K"*!. By the Weak
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Nullstellensatz, we can write
l=pi1fi+-+pmfm+Pma1(Xp18-1),
where the p; are polynomials in x,..., x,+1. Now apply the homomorphism
Klx1,..., Xp+1] — K(xg,...,X5)
given by :

Xp+1— —.
This gives
1 1
= P1(x1,---,xn,§)f1 +---+pm(x1,...,xn,§)fm.

After multiplying through by a suitable power of g to clear denominators, we obtain the result.
O

[2.1.1.10] DerinIiTION (Locus). A locus is the set of all points whose coordinates satisfy a
given condition.

[2.1.1.11] CoroLrLARY (Corollary of Nullstellensatz). There is a one-to-one inclusion-reversing
correspondence between algebraic sets in A” and radical ideals of K[xi,...,x,]. This corre-
spondence is given by

Y—~I(Y) and A~ Z(A).

An algebraic set is irreducible if and only if its ideal is prime.

Proof. (= ). If Y is irreducible, then I(Y) is prime. If fg e I(Y), then
Y<SZ(fg)=Z(f)u Z(g).

Thus
Y=(nZ(fHu(YnZ(g),

where both are closed subsets of Y. Since Y is irreducible, we must have
YSZ(f) or YcZ(g).
Thus feI(Y) or ge I(Y).

(<=). Let P be a prime ideal, and suppose
ZP) =Y, UuYs.

Then
P=IZ(P)=1I(YuYy)=I(Y7)nI(Y2).

Since PP is prime, it follows that PP = I(Y;) or P = I(Y>). Hence
Z(P) =Y, or Z([P) =Y,
so Z(P) is irreducible. O
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[2.1.1.12] DEeFINITION (Prime Ideal). A prime ideal is an ideal with the usual prime prop-
erty: if fgeP, then feP or geP.

[2.1.1.13] DerinITION (Irreducible Algebraic Set). An algebraic set is irreducible if it cannot
be written as the union of two proper algebraic subsets.

A" is irreducible since it corresponds to the zero ideal in A, which is prime. Let f be an irreducible
polynomial in A =K[x,y]. Then f generates a prime ideal in A, since A is a unique factorization
domain. So the zero set

Y =Z(f)

is irreducible. The affine curve is defined by f(x,y) = 0. If f has degree d, then Y is a curve of
degree d.

[2.1.1.14] DEeFINITION (Integral Domain). An integral domain is a nontrivial commutative
ring in which the product of two nonzero elements is nonzero.

[2.1.1.15] DeFinITION (Unique Factorization Domain). A unique factorization domain is an
integral domain in which every nonunit can be written as a product of irreducible elements,
uniquely up to order and multiplication by units.

[2.1.1.16] LEmMA. A polynomial ring over a field is a UFD.

[2.1.1.17] DeFrINITION. Hence an ideal I c R is radical if v I=1.

A counterexample for K =R is in Al:
Z={1=0}=Z((1) = Z((x* + 1)).

Thus (x?+1) c R[x] is radical. Indeed, if f* € (x>+1), then f € (x*>+1), since R[x] is a UFD and x?+1
is irreducible.

[2.1.1.18] CororLARY. We can think of a corollary of the Nullstellensatz as

{radical ideals J c K[xy,..., x,]} — {Zariski closed Sc Ag}.

Proof. O
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2.2 Zariski Topology

functions.

flz:Z — K induced by a polynomial f € K[xy,..., x,].

There is a quotient map

Klxy,..., xzl

I(Z) — Klxy,...,x5] > K[Z] = i

Rings that appear this way are finitely generated KK-algebras without nilpotents.

n=1.

If R=S/1, then there is a quotient map
S—S/I, f—f=f modl.

Then
f#0 = f¢l,

and

f'=0< f"€el.

[2.2.0.4] DEFINITION. A regular map
m:X—A =K
is the same thing as a regular function on X.

More generally, we consider maps
X— A" =K™.

[2.2.0.5] DerINITION (Regular Map).Let X <A and Y < A™. A map
n:X—-Y
is regular if its coordinate functions are regular functions on X.
Equivalently, if we write
i:X— A"

then 7 is regular when 7(X) € Y and each coordinate of 7 is regular on X.

27

[2.2.0.1] LEMMA. An affine variety is a Zariski closed subset together with its ring of regular

[2.2.0.2] DerFINITION (Regular Function).Let Z < A". A regular function on Z is a map

[2.2.0.3] DeriNiTION (Nilpotence).An element a € R is nilpotent if a # 0 and a” = 0 for some
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[2.2.0.6] DeriniTION (Isomorphism).An isomorphism is a regular map that has a regular
inverse.

[2.2.0.7] ProrosIiTION. A map 7 : X — Y is regular if and only if it induces a KK-algebra
homomorphism
K[Y] — K[X].

Proof.

A m

A"DX—/YO

Given 7i : A" — A", we obtain a pullback homomorphism
7 Ky, Yml = KXy, ..., Xl

The condition that 7i(X) € Y is equivalent to saying that 7#*(I(Y)) < I(X). Hence n* descends
to a homomorphism

K[ylyu-)ym] = K[XI,...,xn]

K[Y] =
I(Y) I(X)

=K[X].

Conversely, any K-algebra homomorphism K[Y] — K[X] determines a regular map X — Y. [J

[2.2.0.8] CoroirrARy. There is a correspondence

{affine varieties} — {finitely generated reduced K-algebras}.

Proof. O

[2.2.0.9] REMARK. For an abstract affine variety X, the choice of an embedding X — A" is
equivalent to the choice of algebra generators for K[X].

For example,
K[xy, x2]

=Kyl
(X2 — x2) Y

[2.2.0.10] LEmmA (More about Zariski Topology). The following hold.
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(1) Closed subsets of an affine variety X correspond to radical ideals in K[X].

(2) The basic closed sets are Z(f) = {f = 0}, and the basic open sets are D(f) = {f # 0}.
(3) Regular maps are continuous.

(4) If X is irreducible, then K[X] has no zero divisors.

(5) KI[X] has no nilpotents.

(6) The Zariski topology is Noetherian.

(7) Ahomomorphism K[Y] — K[X] is surjective if and only if the corresponding map X — Y
identifies X with a closed subvariety of Y.

(8) A homomorphism K[Y] — K[X] is injective if and only if the image of the corresponding
map X — Y is dense in Y.

[2.2.0.11] ReMARK (Elaboration on (1)).Suppose we have the topology X on A" and a
closed subset Z c X.

Note that Z < X < A”. Then we have

I(Z) 2 I(X).

[2.2.0.12] DerFinIiTION (Topology on a Set). A topology on a set S consists of closed sets Z,
and open sets U,. In the Zariski topology, the basic closed sets are

Z(f)={f =0}

and the basic open sets are
D(f) ={f #0}.

242
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[2.2.0.13] ReEMARK (Elaboration on (3)). Recall that for a regular map 7: X — Y, and for a
closed set Z(f) <Y, we have
Y Z(f) = Z@* (f)).

A n A m
I 1 K[X] —K[Y]

X—Y n (f)—f
nU
Z(f)

[2.2.0.14] DeriniTION (Irreducible). A variety X is irreducible if it cannot be written as
X=1U2
with 7, Z, C X both closed.

[2.2.0.15] ReEMARK (Elaboration on (4)).In an ordinary topology on R, one often studies
decompositions into unions of subsets. Here, for irreducibility;, it is enough to consider closed
subsets.

If
AUVSPAGIED. €

then irreducibility says that one of these must already equal X.

[2.2.0.16] DerFinITION (Connected). A space is connected if it cannot be written as a disjoint
union of two nonempty subsets that are both open and closed.

[2.2.0.17] DeFINITION (Idempotence). An element e € R is idempotent if

e =e.

[2.2.0.18] LEMMA. If
X=Z1U:---UZ;

is a finite union of irreducible closed subsets, and no Z; is contained in another Z;, then the
Z; are the irreducible components of X.

[2.2.0.19] DeFrINITION (Closure). The closure of a subset is the intersection of all closed sets
containing it.

Now assume that X is an irreducible affine variety. Then R = K[X] has no zero divisors. We already
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have the quotient field
K(X) = Frac(R),

where ¢ € K(X) is a rational function
@:U—K

defined on some nonempty open subset U < X.

Z(q)={q =0}

[2.2.0.20] LEmMA. If X is irreducible and U, U, € X are nonempty open subsets, then

U nU, #3.

Proof. If U;nU, = @, then
X=X \Upu(X\Uy),

where both complements are proper closed subsets of X. This contradicts irreducibility. [

2.3 Projective Varieties

Consider U = A%\ {(0,0)} c A2. It is a fact that there is no natural way to give U the structure of an
affine variety. On the other hand, if we remove a whole curve from an affine variety, the result can
still be affine.

[2.3.0.1] DEFINITION (Localization).

K[Y] — K[xl)--wxﬂry]
(I(X)y y_f(xly---)xn))

:[K[X][l
= f .

denotes the localization of R at f.

More generally, if f € R, then R
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[2.3.0.2] DeFrINITION (P™).

P {(x0, ..., %) €K™\ {(0,...,00}}

~

where
(x()) coo yxl’l) ~ (/"’x(); ooy A'xl’l)

for every A e K*.

Thus the points of P" correspond to lines through the origin in A”*1,

[2.3.0.3] LEMMA.
P*=Uyu---uU,,

where
U;={lxg: 1 x,] €EP": x; #0} = A",

P! = Al U{oco}.
P*=UyuU,U---UU,,

with each U; = A".

P% = R* U {directions of lines} = §*/(z ~ —z).

Note that for PZ, we have C—dim(PZ) = 2, while R—dim(PZ) = 4.

[2.3.0.4] LeEmMA. If X is a complex algebraic variety with C—dim(X) = d, then its underlying
real manifold, when smooth, has real dimension 2d.

Think of the following coordinates in A and in P. The function x, makes sense on A”**!, but not
on P". However, the condition xy = 0 does make sense on P”.
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[2.3.0.5] DEeFINITION (Zero Sets in Projective Space). If p is a homogeneous polynomial, then
Z(p)

denotes its well-defined zero set in projective space.

[2.3.0.6] DeriNiTION (Homogeneous).A polynomial is homogeneous if all of its monomials
have the same degree.

[2.3.0.7] DerFINITION (Graded Rings).
R = @Rd = K[xo,...,xn],
d=0
where each R is the space of homogeneous polynomials of degree d, and

Ra * Rb - Ra+b.

[2.3.0.8] DeriNiTION (Dehomogenization). Dehomogenization is the process of passing from
homogeneous coordinates to affine coordinates, for instance on the chart xj # 0:
X1 xn)

(XO;---;xn)'_’ (_)"‘!
X0 X0

[2.3.0.9] LEMmMA. If p is homogeneous of degree d, then its dehomogenization on any
standard affine chart has degree at most d.

2.4 Zarisky Topologies on Projective Varieties

Take a Zariski closed subset X < P”. These correspond one-to-one with radical homogeneous ideals
IC K[x].)---)xl’l+1]-

Thus we need the notion of a homogeneous ideal.

[2.4.0.1] DeriniTION (Homogeneous Ideal). Take a graded ring
R=PRy
d=0

and an ideal I < R. We say I is homogeneous if for every f € I, when we write

f=h+h+-+fa
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with each f; € R;, then each homogeneous piece f; also lies in I. Equivalently, I is generated
by homogeneous elements.

[2.4.0.2] DerFINITION (Canonical). A subset is canonical if it is closed under scalar multiples
along lines through the origin.

[2.4.0.3] LEMMA. If p(x1,...,x,+1) is @ homogeneous polynomial of degree d, then on the
affine chart x( # 0 there is a corresponding polynomial

6]()’1»---,J/n):P(l,J/b---,J/n)-

Conversely, given a polynomial g(y,..., y,) of degree at most d, the associated homogeneous

polynomial is
d _[*1 Xn
]

) )
X0 X0

If we take
qyLy) =yi+y5—4,

2 2
X X
xg((—l) +(—2) —4):xf+x§—4x§.
X0

then its homogeneous lift is

Then
P2\ A% = {x, = 0},

which is the line at infinity.

[2.4.0.4] LeEmMA. The Zariski topology on P” restricted to the chart A” is the Zariski topol-
ogy on A",

[2.4.0.5] REMARK. Look at the following diagram.
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Now the question is whether this is open or closed. In fact, the image of a projective variety under
a morphism of algebraic varieties is closed in the Zariski topology. If Y < A", then its projective
closure Y c P" satisfies

1.(Y) = thom(p) : p € I(Y)},

where hom(p) denotes the homogenization of p. We have previously defined affine varieties as
Zariski closed subsets of A”. Now take quasi-affine varieties by starting with an affine variety
and removing a closed subset. Thus they are locally closed. Similarly, we have projective and
quasi-projective varieties.

[2.4.0.6] LEmMMA. IfUC X A pn i quasi-projective, then a function f: U — K is regular

if for every point V € U there is a neighborhood on which f is a quotient of homogeneous
polynomials of the same degree, with denominator nonzero at V.

[2.4.0.7] LEMMA (Sheaf Property). If Y < A" is an affine variety, then the set of regular
functions agrees with the earlier definition. Moreover, the ring of regular functions on D(f) c
Y is

KIY]|=].
f

[2.4.0.8] DerINITION (Sheaf). A sheafis a collection of local regular functions that are com-
patible on overlaps.

Maps between quasi-projective varieties are regular maps
f:U1—=Us

such that for each point v € Uj, there is a neighborhood on which f is given by homogeneous
polynomials of the same degree:

f(xl;---,xn+1) = (pO(xl,---;erl)y---;pm(xl;---»xn+l))y

and at least one p;(v) #0.

[2.4.0.9] CoroLLARY. Given
D(f)={f#0}cY,
the open subset D(f) is isomorphic to an affine variety.

Proof. N

[2.4.0.10] LEmmA. Suppose U = X\ Z cP" is irreducible. Then U is not the union of two
proper closed subsets. Equivalently, if W;, W, c U are nonempty open subsets, then

WinW, #@.

The rational functions on U form a field, denoted K(U).
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[2.4.0.11] LEmMA. There is a correspondence

{affine varieties over K}/isomorphism < {finitely generated [K-algebras without nilpotents}.

Similarly,
{quasi-projective irreducible varieties}/birational isomorphism < {finitely generated fields K/Kj}.

[2.4.0.12] DerFINITION (Rational Map). A rational map is a regular map defined on a nonempty
open subset.

A famous example is the map
p! —p3

defined by
3 .2 2 .3
(X0, X1) — (X, Xy X1, Xo X7, X7).



Chapter 3

Algebraic Maps

3.1 Regular Maps

Let X be a quasi-projective variety with coordinates [xy, ..., X;,].

[3.1.0.1] DeriNIiTION (Regular Function). A regular function on X is a degree 0 rational ho-
mogeneous function.

Assume A'! P! where A! = {x( # 0}. We already know that A! has coordinate ring C[¢]. We claim
that C[#] corresponds to degree 0 rational homogeneous functions. Regular functions are regular
maps to Al

[3.1.0.2] LEMMA. A regular map between quasi-projective varieties X,Y is a map f such
that for every point x € X, there exists an open neighbourhood U of x in the Zariski topology,
and an affine chart A” < P containing f(x) with f(U) < A™, such that f|y: U — A™ is regular.

[3.1.0.3] ExampLE (The Veronese Embedding). Fix n,d € N. The degree d Veronese embed-
ding of P" is given by a map f:P" — P™. We claim that

W n+d
m+1= .
d

[3.1.0.4] ExampLE (The Cremona Map). A map P? — P? is defined by
[Xp: X1 :X2] — [X1X2: XoX2 : XpX1].

This is a rational map. It is regular on
P*\{[1:0:0],[0:1:0],[0:0:1]}.

37
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[3.1.0.5] LEmMA. If X and Y are birational, then C(X) =C(Y). The converse is also true.

3.2 Finite Maps

[3.2.0.1] ProrosIiTION. Let X,Y be affine varieties, and let f: X — Y be regular such that
f(X)isdense in Y. Then f*:C[Y] — C[X] is injective.

Proof. Given f and f*, assume f*(g;) = f*(g») for g1,8 € C[Y]. Then giof =go0f on X.
Thus g; and g, agree on the dense subset f(X)< Y. Hence gy =g, on Y. O

[3.2.0.2] DeriNiTION (Finite Map).Let f: X — Y be a regular map such that f(X) € Y is
dense. We call f a finite map if C[X] is integral over C[Y].

[3.2.0.3] DerIinITION (Integral over a ring). We say B is integral over A, where A, B are rings
and Ac B, if for all b € B, there exists an equation

b*+a b ' +.. . +ap=0

for some k €N, with a; € A.

Let X := {y? = x} € A?, and let f: X — A! be the projection map onto the x-coordinate. We claim
that Cl[x, y]/(y?—x) = C[X] is integral over C[x] = C[A!]. We want to show that each element of C[X]
is integral over C[x], or at least check this on generators.

[3.2.0.4] ProposITION. For X :={y? = x} € A2, the coordinate ring C[X] = C[x, y]/(y* — x) is
integral over C[x].

Proof. If b= x, then x satisfies the monic polynomial

t—x=0
over C[x]. If b=y, then y satisfies
y2 —x=0.
Thus the generators x and y are integral over C[x]. Hence C[X] is integral over C[x]. O

[3.2.0.5] DerINITION (Properties of finite maps).

1. If f: X — Y is finite, then any y € f(X) has finitely many preimages. If Y is irreducible,
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the degree is the generic number of preimages.

2. If f is finite, then f is surjective onto its image, and in the affine irreducible setting one
usually studies it as a surjective map onto Y.

3. If f is finite and C < X is closed, then f(C) is closed.

3.3 Jouanolou’s Trick

[3.3.0.1] THEOREM (Jouanolou’s Trick). There exists an affine variety X together with a
regular map
X — Pp"

such that all fibers are affine varieties.

Proof.
[3.3.0.2] DerINITION (Fiber). The fiber over a point p is the preimage f~!(p).

We construct the example for P!. Recall that P! parametrizes lines through the origin in A2.
Fix the line [ := {y = 0} c A%. Consider linear maps M : A> — A? with image equal to a line.
Such maps are represented by 2 x 2 matrices of rank 1. For example,

1

0 . X X
M—[O 0] gives M[y]—

ol

[3.3.0.3] DerINITION (Rank).The rank is the dimension of the image, equivalently the
number of linearly independent columns.

Assume M? = M. Then M is a projection, and we obtain a decomposition
A = ker(M) & Im(M).

The eigenvalues of M satisfy

xz—x:O,

so they are 0 and 1. The 0-eigenspace is ker(M) and the 1-eigenspace is Im(M). Now define

X to be the set of 2 x 2 matrices
a b

M:cd

such that
M?=M and rank(M)=1.

We view X as a subset of A* with coordinates (a, b,c,d). The condition M? = M gives the
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polynomial equations

a’+bc=a,
ab+bd = b,
ac+dc=c,
bc+d* =d.

To ensure rank(M) = 1, we impose
det(M) = ad —bc =0,

and exclude the zero matrix M = 0. Thus X is a quasi-affine variety (an open subset of an
affine variety). Now define a map
m:X—P!
by
M — Im(M).
Since Im(M) is a 1-dimensional subspace of A2, it determines a point in P!. This map is regular.
For a fixed line L c A2, the fiber
7N (L)
consists of all rank 1 idempotent matrices with image L. Such matrices are determined by
a choice of complementary kernel, and this parameter space is affine. Hence all fibers are
affine varieties. This constructs an affine variety X mapping to P! with affine fibers, which is
the desired statement. O

3.4 Local Ring of a Variety at a Point

Let X be a quasi-projective variety, and let x € X. What are the properties of X near x?

[3.4.0.1] THEOREM. In a quasi-projective variety, every point has a neighborhood isomor-
phic to an affine variety.

Note that affine subvarieties are Zariski closed in A”, but when embedded in projective space,
affine charts are Zariski open.

[3.4.0.2] DerINITION (Local Ring of X at x). Assume X is affine. Our goal is to define Oy,
the local ring of X at x. This is a special case of localization in commutative algebra. Let A be
a commutative ring with 1, and let p < A be a prime ideal. Define

e fLrssnses)
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with equivalence relation

!
g:é < 3h¢ psuch that h(fg' - f'g) =0.

Now take A =C[X] and p = m,, the maximal ideal of functions vanishing at x. Then

Ox x = Ap=C[X]n,.

There is a natural map

a
(p:A—»Ap, ar—»T.

. a . . . .
Thus we write (a, b) as 3 Moreover, there is a unique maximal ideal

L hiren)
m=<{=—€c€A,:fep;.
{g P
[3.4.0.3] DeriniTION (Local Ring). A ring with a unique maximal ideal is called a local ring.

[3.4.0.4] DerINITION (Alternative Description of Oy ). The local ring can also be described
as the stalk of the structure sheaf. Let Ox be the structure sheaf, where O (U) is the ring of
regular functions on U. For example,

Ox(X) =C[X].

Then
OX,x =lim Ox(U) = Ap.
Usx

[3.4.0.5] REMARK. If p = m,, then p is the maximal ideal in A, while
m:{geAp:pr}

is the maximal ideal in Ap.

[3.4.0.6] ExampLE.Let X =Al. Then
CIAl] =C[1] = A.
Let x=0€Al. Then f
A :{—: (0)#0}.
)} g 8

For example,
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The maximal ideal is f
H%Z{EEAﬁﬂWZO}
Thus
/3

—— & my, —— € My.
1—t€ S T
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Geometric Points

4.1 Tangent Space

Let X be an affine variety with x € X. Our goal is to define the tangent space at x. We will give
two definitions: the concrete and the intrinsic.

4.1.1 Concrete Definition

Assume X € A" and, without loss of generality, let x = (0,...,0) € A”. Our idea is that the tangent
space at x, denoted Ty, is the union of all lines tangent to X at x. A tangent space exists at singular
points, not just smooth points. Different notions of tangency may not agree. Thus calculus alone
is insufficient, and we instead use intersection multiplicity.

[4.1.1.1] DerINITION. A line is tangent at a point x if it has intersection multiplicity > 2 at
X.

[4.1.1.2] ProprosITION. Let ¢ be a line in A" passing through x = (0,...,0). Pick a point a =
(ay,...,ay) € ¢. Then all points on ¢ are of the form tafor reC. Let X={fi=---= [ =0} S A".
For each i, the restriction f;|, is a polynomial in ¢. Since f;(0) =0, we may write

file=tFigi(0), gi0)#0.

[4.1.1.3] DeriNiTION (Multiplicity of x as a root). The integer k; € Z>o U {oco} is called the
multiplicity (order of vanishing) of f;|, at 0. If fi|, =0, then k; = oco.

43
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[4.1.1.4] DeFiNiTION (Intersection multiplicity).

= min {k;}.

1<i<m

[4.1.1.5] DerinITION (Line of tangency). A line ¢ is tangent at x if u > 2.

[4.1.1.6] DeriniTION (Tangent space).

Ty = U 2

¢ tangent at x

[4.1.1.7] EXAMPLE.
X ={y=x*cA?

Pick ¢ with parameterization (a; t, axt).
f,y=x*-y,
fle= (@t —axt=ajt* — ayt.

Then p =2 < a, =0. Thus the tangent line is {y = 0}.

[4.1.1.8] EXAMPLE.
X ={y(y—x* =0} cA%

Let ¢ be parameterized by (a;t, axt).
fle=azt(azt - (@1 0)%)
=ait? —ayar .
In all cases, p=2. Hence every line through (0,0) is tangent, and

2
T(()yo) =A“.

[4.1.1.9] EXAMPLE.
X ={y=ax} S A%

f,y)=y-ax,
flart,axt) = (az — aay)t.

We have p = oo only when a, = aa;. Thus the tangent line is {y = ax}.
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4.1.2 Intrinsic Definition

Let Ox , be the local ring at x with maximal ideal m,. Define

mi = {Zaibi 5 di,bi me}.

[4.1.2.1] DeriNIiTION (Cotangent space). The cotangent space is

m,/m2.

[4.1.2.2] THEOREM.
Ty = (my/m2)".

[4.1.2.3] DerinITION (Lift). Given morphisms f: X — Y and g: Z — Y, we say f lifts through
Z if there exists h: X — Z such that f =goh.

[4.1.2.4] REMARK. The cotangent space is a vector space over the residue field Ox ,/m, =C,
and its dual is the tangent space.

[4.1.2.5] ProrosIiTION. Let X € A” be affine with defining equations fi,..., f;,. Then
Ty={aeA":dyfi(a)=0, Vi}.

[4.1.2.6] ExampLE.If X = Al, then C[A!] = C[¢], mg = (1), and m3 = (+*). Thus
mo/m3 = C,

so TyAl =C.

4.2 Dimension and Singular/Nonsingular Points

Assume X is irreducible. Consider C(X).

[4.2.0.1] DeFiNiTION (Transcendence Degree). The dimension of X is the transcendence de-
gree of the field extension C(X) over C. This can also be defined as the maximum number of
algebraically independent elements of C(X) over C.
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[4.2.0.2] DerFinITION (Algebraically Independent Elements).Let fi,..., fv € C(X). They are
algebraically independent over C if there does not exist a nonzero polynomial p(xy,..., xx)
such that p(f1,..., fr) =0.

[4.2.0.3] ExampLE. Take X = Al and C(X) = C(). We claim that t— deg(C(¢)) over C is 1.

[4.2.0.4] ProproOsITION. t—deg(C(#)/C)=1.

Proof. t is algebraically independent over C. Thus t—deg(C(1)) = 1.

We show equality by proving that for any f € C(#), the set {f, ¢} is algebraically dependent.

t
Write f = ) with py, p2 € C[¢] and p, #0.

p2(t)
Define
p(x1, x2) := p2(x1)x2 — p1(x1).
Then
p(t, f) = p2(0) f — p1(2) = 0.
Hence {f, t} is algebraically dependent, and t—deg(C(¢)) = 1. O

Similarly, t—deg(C(A™) = n. Recall that X,Y are birational if and only if C(X) = C(Y). Thus
dim(P") = n since C(P") = C(#y,..., t,).

[4.2.0.5] THEOREM. Let f(xy,...,x,) be a nonzero irreducible polynomial. Then dim(X) =
n—1, where X = V(f) cA”.

[4.2.0.6] LEMmMA. The dimension of a hypersurface in A” or P" is n—1.

[4.2.0.7] CoroLrLARY. If X is not irreducible and X = JX; is the decomposition into irre-

ducible components, then
dim(X) = max{dim(X;)}.

[4.2.0.8] DEFINITION (Local Dimension).

dim, (X) := max{dim(X;) : x € X;}.
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[4.2.0.9] TueorREM. For all x € X, we have

dim(Ty) = dim, (X).

[4.2.0.10] DerFiniTION (Nonsingular Points). A point x € X is nonsingular (smooth) if and
only if
dim(7,) = dim, (X).

4.3 Normal Varieties

4.3.1 Integrally Normal

Let
A=Clx, yll (- x* - x%).
We claim that A is not integrally closed. Recall that if K = Frac(A), then
Y

t:==€eKk.
X
Then ) , s
X+ x
P L B n
X X
Thus
?-1-x=0,

which is a monic polynomial equation over A satisfied by ¢. Hence ¢ is integral over A. But ¢ ¢ A.
Therefore A is not integrally closed. If p/q € C(X), assume that p/q is integral over C[X]. Then
there exists a monic equation
(E
q

with a; € C[X]. Multiplying through by ", we get

n

n—1
rar(E) a0
q

pt+ap" g+ +a,q"=0.
Hence
p'=—(arp" g+ +anqg").
So g divides p" in C[X]. If C[X] is integrally closed, this forces p/q € C[X].

[4.3.1.1] DerinITION (Normal). An irreducible affine variety X is normal if and only if C[X]
is integrally closed.

Generally, an irreducible quasi-projective variety X is normal if and only if every point has a normal
affine neighborhood.
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[4.3.1.2] LemMA. If X is an irreducible quasi-projective variety, then X is normal if and only
if O, is integrally closed for all x € X.

[4.3.1.3] LEMMA. X is normal if and only if every finite birational morphism to X is an
isomorphism.

Proof. N

[4.3.1.4] THEOREM. An irreducible curve is normal if and only if it is smooth.

[4.3.1.5] THEOREM. If X is an irreducible quasi-projective variety and is smooth, then it is
normal.

[4.3.1.6] THEOREM. If X is an irreducible quasi-projective variety and is normal, then the
set of singular points in X has codimension at least 2.

(x*+y*=2°1=ScC>.

We claim that S is normal.

[4.3.1.7] ExamPLE. Let

S:{x2+y2:z2}§C?’.
Then S is normal. With u, v € C(x, y), every element of C(S) has the form u+vz. Ifa=u+vze
C(9) is integral over C[S], then it is also integral over Clx, y] since C[S] is finite over Cl[x, y].
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The conjugate of a over C(x, y) is u— vz. So the minimal polynomial of @ over C(x, y) is
T? —2uT + u® — (x> + yz) 2,

If a is integral over Clx, y], then the coefficients of this polynomial are integral over C[x, y].
Since Cl[x, y] is integrally closed, it follows that

2ueClx,yl,
hence
ueClx,yl.
Also
u? — (x*+ y>) v’ e Clx, yl.
Since

x2+y2 =(x+iy)(x—1iy),
and these factors are irreducible and coprime in Clx, yl, it follows that v € C[x, y]. Therefore
a € C[S]. So C[S] is integrally closed, and hence S is normal.

4.3.2 Normalization

All varieties

Nonsingular

Normal

Figure 4.1: From Mumford’s Red Book of Varieties and Schemes.

[4.3.2.1] ProrosiITION. Let Y = Spec(S) be normal. Let R c S be a finitely generated subring
such that S is finite over R. Then X := Spec(R) need not be normal.

Let S=Clx, y], so SpecS = A?. Take
R=C+1,

where I is the ideal of the two points (0,0) and (1,0). Then
0—-R—S—S/R—0,
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and
S/IR=CesC.

[4.3.2.2] DeriniTION (Normalization).Let X be an irreducible quasi-projective variety. A
normalization of X is a normal irreducible variety denoted by X" together with a morphism

m: X' - X

which is finite and birational. If X is not irreducible, then write X = JX; as the union of

irreducible components and define
XV=[]x7.

[4.3.2.3] THEOREM (Geometric Noether Normalization Theorem). Let X be an affine variety
of dimension n. Then there exists a finite morphism

m: X —A"

[4.3.2.4] DerINITION (V(S)).For every subset S c R, we have
V(S) = {x € Spec(R): f(x) =0 for all f e S}
={p:p is a prime ideal and p > S}.

[4.3.2.5] THEOREM. Let R be an integral domain finitely generated over C, and let P c R
be a prime ideal. Then
dim(R/P) = t—degcFrac(R/P).

Proof. We can reduce this proof to the case P = /(f), or geometrically, the case Z = V((f)).
Suppose we have the decomposition

V(A =PnPin...nP;

in R. If Z/ = V(P)), then Z, Z],..., Z; are the components of V((f)). Pick an affine open Uy c X
such that

UpnZ # 9,
UpnZ =2, i=1,... ¢
Let Uy = Xy, where
geP N...nP, gé¢Pp
Then replace X by Uy, R by R(,), and in the new setup
Vo (F) = Vx () n U
=7ZnU,

is irreducible. Hence in Rg), \/(f) = P- Ry is prime. We can now use Noether normalization
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to find a morphism
X A"
equivalently
R <7T—*>C[x1,...,xn] =&

Let K be the quotient field of R and let L be the quotient field of S. Then K/L is a finite
algebraic extension. Let

Jo=Nk/L(f).
Then we claim fy € S and
PnS=1/(f).

If we prove this, the theorem follows. For R/P is an integral extension of S/(Sn P), so
t—degcR/P =t—deg:S/(SNP).

But S is a UFD, so if Sn P is height one, then it is principal. Therefore Pn S = (fyo) for some
irreducible fyo € S, and hence
t—deg-S/(SNP)=n-1.

We check first that fye PnS. Let
Y'+a Y '+, . 4+a,=0

be the irreducible equation satisfied by f over the field L. Then f; is a power of a,,. Moreover,
all the a; are symmetric functions in the conjugates of f, therefore the a; are elements of L
integral over S. Hence a; € S. In particular f; € S, and since

0=a™ ' (f"+arf" ' +...+ap
= fla™ 1l a™ e P a™ a, ) + fo

we also have fy € P. Finally suppose ge PnS. Then g € P, hence g" = fh for some integer n
and some h € R. Taking norms, we find that

g"" M = Ny (g™
= NK/L(f)NK/L(h) € (fO))

since Nk/r(h) is an element of S by the reasoning used before. Therefore g€ /(fy), and so

PnS=\/{f0. O

[4.3.2.6] THEOREM. The normalization of any quasi-projective variety exists and is unique
up to isomorphism compatible with 7.

Proof. Assume X is affine. Let
A:={feC(X): f is integral over C[X]}.

Then A is a subring of C(X). Thus there are no zero divisors in A, and it is finitely generated
over C by Noether normalization. Then A is the ring of regular functions on an affine variety.
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Let
X" :=Spec(A).

We claim that X" is the normalization of X, with morphism
xv L x

induced by C[X] — A. In order to prove this, we must check that ¢ is birational and finite. [J

If we let
X = Spec(Clx, y1/ (y* — x°)),

then C[X] is not normal.

4.4 Singularities

Suppose f: X — Y is a regular map, where X,Y are quasi-projective varieties. The question that
arises is: if X is irreducible, are the fibers of f irreducible, and if X is smooth, are the fibers smooth?
Generally this is not true. For example,

Al =

x-—>x2

where f~1(y) is not irreducible for general y.

[4.4.0.1] THEOREM (First Bertini’s Theorem). Assume X,Y are irreducible and f(X) is dense
in Y, that is, f is dominant. Suppose X remains irreducible over the algebraic closure C(Y).
Then there exists an open dense subset U < Y such that for all y € U, the fiber f~1(y) is
irreducible.

If we have the previous example A! — A!, then C[Y] = C[¢], so C(Y) = C(¢), which is not algebraically
closed. Since we do not have /2, and even if we adjoin one root, we still will not have all ¢!/".

[4.4.0.2] THEOREM.
cn=Ucu',

n=1

provided char0.

How can we view X as an irreducible variety over C(Y)? Assume X,Y are affine. Then f induces
C[Y] — C[X] by ¢ — @o f. Thus C[X] is a C[Y]-algebra. Note that an algebra is a vector space
equipped with a bilinear product. We have

ClY] < C(Y) = C(Y).

Then consider
C[X] ®¢[y) C(Y).
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[4.4.0.3] DEFINITION (Tensor Product).An element of A®c B satisfies the relation

ca®b=aq®ch.

Thus if we let
X :=Spec (C[X] ®Cly] C(Y)) )

then X is affine. In the statement of First Bertini’s Theorem, we have that X is irreducible if and
only if X is irreducible over C(Y). Consider

X = Spec (C[X] ®ci] W) :
We claim that X is not irreducible. Since
Clx] = Cl[x]/(x* — 1)
as a C[t]-algebra, we get
Clel[x]/ (x* — 1) ®¢(y C(1) = C(D[x]/ (x* - 1).
We can now factor over ml
C(O[x/(x* =) =C@O)[xl/ (x = V1) (x+ V7).

Thus
X = Spec (m[x]/ (x= V1) (x+ ﬁ))

has two points, hence is not irreducible. The First Bertini Theorem ensures irreducibility over
points U < Y open and dense, but not all of Y.

[4.4.0.4] THEOREM (Second Bertini’s Theorem). Given f: X — Y with X, Y quasi-projective,
f(X) dense in Y, and X nonsingular, there exists an open dense subset U < Y such that for
all y e U, the fiber f~1(y) is smooth.

We can think of this theorem as the algebro-geometric analog of Sard’s Theorem from differential
geometry.

[4.4.0.5] THEOREM (Sard’s Theorem). Let f: M — N be a smooth map of manifolds. Then
the set of critical values of f has measure zero in N.

[4.4.0.6] DeriniTION (Critical Points). A point x € M is a critical point if and only if
dxf: TxM_' Tf(x)N

is not surjective.
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Chapter 5

Divisors

5.1 Divisors

Suppose X is a quasi-projective irreducible variety.

[5.1.0.1] DeFINiTION (Prime Divisor). A prime divisor on X is an irreducible subvariety of
X of codimension 1.

If X =A! or P!, then a prime divisor is a single point. If X is a surface, then a prime divisor is a
curve.

[5.1.0.2] DeriniTiON (Weil Divisor). A Weil divisor D on X is given by
D: le]_ +...+err,

where k; € Z and each C; is a prime divisor.

We define
Div(X) :={)_k;C;: k; € Z, C; prime divisors},

which is an abelian group. We define the support of D to be the union of all C;.

[5.1.0.3] DeriniTION (Effective). A divisor D is effective if k; =0 for all i, and not all k; are
0.

X X X Al
p1 p2 p3

Figure 5.1: Defining points for a divisor on A!,
for example the divisor 3p; — p2 + 5ps.
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Thus the corresponding rational function can be thought of as
5
o

Figure 5.2: All points on the line and curve.

We state our goal. Given f € C(X)\ {0}, we define what div(f) € Div(X) is. Assume X is nonsingular
in codimension 1. This means Sing(X) has codimension at least 2, so in particular X is normal.
Given f, we define the order of vanishing v¢(f) along a prime divisor C c X. Pick U c X affine and
dense such that CnU # @. Then Cn U is a prime divisor of U, and since U is normal, it is cut out
by a prime element 7 locally.

Write g
flu= n e C(U),
with g, h € C[U]. There is a unique integer k € Z-( such that g e (m)* but g¢ (m)k*1. Then k is the

largest integer such that 7% | g. We set v¢(g) = k. Define similarly v¢(h). Finally set
ve(f) =ve(g) —velh).
We remark that v¢(f) is independent of the choice of U. If X = Al, then C(X) = C(#). Suppose

(t+3)%(t-2)
FO==0

If nothing divides the numerator or denominator at a given point, then the order of vanishing there

is 0. In this case, we can split f(#) into factors and read off the order of vanishing at each point.
This leads to the definition of div(f).
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[5.1.0.4] ProrosiTION. For any f € C(X)\{0}, there are only finitely many prime divisors C
such that

ve(f) #0.

[5.1.0.5] DeriniTION (Divisor of f).
div(f) =) vc(f)C,
C

where the sum runs over all prime divisors C.

[5.1.0.6] DeriniTION (Principal Divisor). A divisor D € Div(X) is principal if there exists f €
C(X) \ {0} such that
D =div(f).

For the f above, we obtain
div(f) =2{t=-3} +{r =2} -4{r=-1}.

In fact, any point on A! gives a principal divisor, but this is not true on P! unless we also account
for the point at infinity. We find this intuition by thinking of projective space as

P'=AlUA],
where oo = {u =0} c Al. For example,
div(?) = {t = 0} — {o0}.

Equivalently,
Vioo} (r) =-1.

5.2 Divisor Class Group

[5.2.0.1] DeriniTION (Divisor Class Group).
(X) := Div(X)/{principal divisors}
=Div(X)/ ~,

where ~ denotes linear equivalence.

If D,D' € Div(X) and D - D' is principal, then we say D and D' are linearly equivalent, written
D ~ D'. For example, (A") = 0, since every divisor is principal. Indeed, if D =Y k;C; c A", where
C; = {H; =0} and H; is a polynomial, then

f=T1H;"
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satisfies D = div(f). However, (P") = Z. If D =Y k; H;, then any f € C(P") must have degree 0, hence
deg(D) =0 for principal divisors.

[5.2.0.2] ProrosrITiON. There is a natural degree map for X quasi-projective:
deg:Div(X) — Z
D=) kiH;j— ) k;deg(H,).

If deg(D) # 0, then D is not principal.

The class group of a quasi-projective variety need not be finitely generated. Let X be a smooth
projective curve of genus g > 0. If X Z P!, then there exist points P,Q € X such that P = Q. Suppose
for contradiction that P ~ Q. Then there exists f € C(X) such that

div(f)=P-Q.

This defines a rational map
f:X-->PL

Since div(f) has a simple zero at P and a simple pole at Q, we have deg(f) = 1. Thus f is birational,
implying X = P!, a contradiction. Therefore, distinct points need not be linearly equivalent. Since
there are uncountably many points on X, it follows that (X) is not finitely generated.

5.3 Local Divisors

[5.3.0.1] DeriniTION (Cartier Divisor). A Cartier divisor is a locally principal Weil divisor.

Let X = UU; be an affine open cover. A divisor D € Div(X) is called locally principal if D]y, is
principal for each i. If X =P! and D = (0), then D is not principal globally, but it is locally principal.

1
Indeed, take the affine chart Al = {r # oo}. Then P! = AlUAl, with = —. The divisor D = {t = 0}

u
is principal on A}, and DnA}, = @. Thus D is locally principal. The group of Cartier divisors is
denoted (X). We define

(X) == (X)/{principal divisors}.

This group is important since
(X) = Pic(X),

the Picard group of X, which consists of line bundles up to isomorphism.

[5.3.0.2] THEOREM. If X is smooth, then every Weil divisor is Cartier.

An example of a Weil divisor that is not Cartier is

X:{xy:zz}gCg.
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xy=0

Fibers

Singular point in X

: y
0

Figure 5.3: An affine surface with a singular point.

We have
o) ={xy=0={x=0u{y=0}.
Let D = {y =0} < f~1(0). We claim that D is not Cartier. Observe that

2 <
Xy=z y=—.
X

Thus along D, we have {y = 0} = {z = 0}. The function y vanishes to order 2 along D, so
vp(y) =2.
Hence
div(y) = 2D.

This shows D is not principal, and in fact not Cartier. When defining div(f) =Y v¢(f) C, we choose
U c X such that CnU = {m =0}.

Take 7 such that the ideal of functions vanishing on D is generated by 7.
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5.3.1 Q-Factorial

[5.3.1.1] DeFINITION (Q-Factorial).A quasi-projective variety X is Q-factorial if for every
Weil divisor D, there exists n € N such that nD is Cartier.

Recall in the example X = {xy = z?}, we have div(y) = 2D, which is Cartier. If X is an affine toric
variety, then X is Q-factorial if and only if its fan is simplicial.

/

- —

Figure 5.4: From left to right: A%, A%, A%: a conifold singularity which is not Q-factorial.

5.4 Linear Systems of Divisors

Let X be a nonsingular variety. All Weil divisors are Cartier on nonsingular varieties. If we have
D c X a divisor, there is an associated vector space £(D) defined by

L(D)={0tu{f e C(X)\{0}:div(f)+ D = 0}.

If

div(f)+D = Z a;C;,
then a; = 0 for all i. Thus div(f) + D is effective. If D =} n;C;, then f € £(D) if and only if
ve, (f) = —n; for each i, and v¢(f) = 0 for any C # C;. Since D is Cartier, there exists O(D), a line
bundle, and

L(D) = H*(X,0(D),
where H? denotes the space of sections of O(D). If X = P! and D = nX,,, where the point at infinity
is [1: 0], then we ask: what is £(D)? Let f € C(P')\{0}. Then f = p/q, where p, q are homogeneous
polynomials of the same degree, say d. Let {py,..., pq} denote the zeros of p(xy,x;), and similarly
for g. Then

div(f) =Y pi—)_4qi

We want div(f) + D = 0, where D = nX,. If there exists some zero ¢q; # X, then this is not true.
Otherwise,

div(f)+D=)_p; — dXeo + nXoo
=) pi+(n—-d)Xe.
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This is effective if and only if n—d = 0. Then g = cX¢, and we have

f= EioaiXgX{
chd
If a; = a;/c, then
d i
5
)
i=0  \X1
So f € Clxg/x1]<n, meaning the highest degree is at most n. Hence £(D) is a C-vector space of
dimension n+1. If n < -1, then £(D) = {0}.

5.4.1 Hypersurfaces

[5.4.1.1] THeEOREM. If X is a smooth projective variety, then £(D) is finite-dimensional.

We write dim¢ (£(D)) = £(D). Why do we need projectivity? Let D be the zero divisor. Then
L(D) = {0} U {f € C(X) \ {0} : div(f) = O}.

So f has no poles, hence f is regular. If X = P!, then £(D) = C[P!] =C. If X = Al, then £(D) =
C[Al] = CIz]. Then ¢(D) = co.

[5.4.1.2] DeriNiTION (Linear System).Let X be projective. Then the linear system of D €
Div(X) is the projectivization of £(D), denoted P(£(D)). This is isomorphic to

L(D)\{0} pl(D)-1
c :

[5.4.1.3] ProrosITION. Suppose X is projective. If D ~ D', then £(D) = L(D').

Proof. If D~ D', then D - D' = div(g) for some g € C(X). Consider
@:L(D)— LD

defined by
p(H=rs

If f e L(D), then div(f) + D = 0. Now

div(fg) + D' = div(f) + div(g) + D'

=div(f)+(D-D")+ D'
=div(f)+ D =0.

So fge L(D"). Conversely, the inverse map

o LD — L(D)
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is defined by

o | =

Thus £(D) = L(D'). UJ

In particular, P(£(D)) =P(L(D"). One can check that P(£(D)) is naturally identified with the set of
effective divisors linearly equivalent to D. If f € £(D)\{0}, then
div(f)+ D=0

is an effective divisor linearly equivalent to D. Moreover, if ¢ € C', then div(cf) = div(f), so the
associated effective divisor is unchanged. Let X = P” and let D = {f; = 0} be a hypersurface of
degree d. Let D' be defined similarly. Then

since deg(fy) = deg(f)). Hence
L(D) = {degree d homogeneous polynomials in xy,..., X,}.

Also,

f—‘f e C(P").

fa
We already know how many degree d homogeneous polynomials there are, by stars and bars.
Therefore

PLD)) =PaD1,

which is the projective space of all hypersurfaces of degree d in P". Let D be a cubic curve in P2,
Then
P(L(D)) = P°.

We will later show that for a genus g curve, the divisor class group is not countable. With Riemann-—
Roch, we know CI(P") = Z, while CI(Y p) is not countable. This is not subtle.

5.5 Degree of a Divisor

Let X be a smooth projective curve. Let
D=) a;p; € Div(X).

[5.5.0.1] DerFINITION (Degree of a Divisor). The degree of D is
deg(D) =) _a;.

Let X =P!. A divisor D is principal if and only if deg(D) = 0. Moreover,

Div(X)
Cl(X)=—— — =Z
{principal divisors}
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via the map
[D] — deg(D).

[5.5.0.2] THEOREM. Let X be a smooth projective curve. If D is principal, then deg(D) =0.

Proof. Suppose D is principal. Then

D=div(f) =) _v,,(f) pi
for some f e C(X). Thus
DZZZ(f)—ZP(f),

where Z(f) and P(f) denote the zeros and poles of f respectively.

It suffices to show that
deg(Z(f)) = deg(P(f)).

If f is nonconstant, then it defines a rational map
f:X--»C.

This extends to a morphism

f:X—P.
This map is finite, hence a ramified covering. Define deg(f) as the number of preimages of a general
point.

We claim that deg(f) equals the number of preimages of any point in P!, counted with multiplicity.
Indeed, for any p e P! and y € f~!(p), there exists a neighborhood U < X such that
fly:U—-C

is locally of the form z— z* for some k € N. Thus each point contributes with multiplicity.

Therefore, counting multiplicities,

deg(Z(f)) = deg(P(f)),
so deg(D) = 0. .

The degree is invariant under linear equivalence. Hence there is a well-defined group homomor-
phism
deg: Cl(X) — Z.

Define
CI°(X) :=ker(deg).

Then we have a short exact sequence
d
0— CI°(X) — Cl(X) =% Z —0,

SO
Cl(xX)z=zeaCl’X).
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[5.5.0.3] THEOREM. If X #P!, then CI°(X) # 0. Moreover, it is uncountable.

In fact,
cl’X) = J(Xx),

the Jacobian of X. If X has genus g, then J(X) is a g-dimensional abelian variety. As a complex

manifold,
- (&3
JIOO= ﬁ

5.6 Bézout’s Theorem

[5.6.0.1] DerFINiTION (Hypersurface). A hypersurface H < P" is a projective variety of the
form
H={F=0},

where F € C[xy,..., X,] is homogeneous.

[5.6.0.2] THEOREM. Let X c P" be a smooth projective curve. Let H < P" be a hypersurface
not containing X. Then
X - H=deg(X)deg(H).

If H={F =0}, then deg(H) = deg(F) =d.

[5.6.0.3] DeFINITION (Hyperplane).A hyperplane H' < P" is a projective linear subspace of
codimension 1. If H' intersects X transversely, then

deg(X) =#(X N H').

[5.6.0.4] DeriNiTION. We say X and H' meet transversely at Pe€ X n H' if
Tp(X) + Tp(H') = Tp(P").

Construction of the Intersection Divisor

Since F is not a global function on P", we work locally.
(1) Assume X ¢ {x; = 0} for some i. Otherwise, perform a projective change of coordinates.

(2) Let
n
Ui={x;#0}, P"=JU..
=0



5.6. BEZOUT’S THEOREM 65

Define

F
==
:

Xi I xnu;

Then f; is regular on X N U;.

(3) The divisor div(f;) on X nU; is effective and supported on
XnU;nH.

These local divisors glue to give a global divisor div(F) on X.

[5.6.0.5] DEFINITION (Intersection Number). The intersection number of X and H is

X - H :=deg(div(F)).

Proof of Bézout’s Theorem

Proof. Let H={F =0} and H' = {F' = 0} be hypersurfaces with deg(F) = deg(F’). Then H ~ H'.

We claim
X-H=X-H'.

Observe .
div(F) — div(F) = div(ﬁ) )
Since deg(F) = deg(F'), we have

F nF
—eCP", —| eC.
F F'lx

Thus div(F) ~ div(F') on X.

On a smooth projective curve, linearly equivalent divisors have the same degree. Hence

X-H=X-H.
Now factor F’ into linear forms:
F=IL--Lg
Then
H =Hu---UH;, H;={L;=0}.
Therefore

d
X-H'=) X-H,.
i=1

Each H; is a hyperplane, so
X - H; =deg(X).



66 CHAPTER 5. DIVISORS

Thus
X-H' =d-deg(X) = deg(H) deg(X).
Hence
X - H =deg(X)deg(H).
[
Examples

G

Cy

Figure 5.5: Two curves intersecting in the expected number of points.

In general position, the number of intersection points equals deg(C;) deg(C,).

C 1 CZ

Figure 5.6: Affine intersection vs. projective intersection.

Let P?

[x,7,2] with affine chart z #0. Then

C1:x2+y2:z2, sz(x—z)2+y2:z2.

On the affine chart z=1:
x2+y2:1, (x—1)2+y2:1.
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Subtracting gives

¥=x*-2x+1 => x=

N | =

Thus
y=4=

ol%

There are 2 affine intersection points, but Bézout predicts 4. The remaining intersection points lie
at infinity (z = 0), which are invisible in the affine chart.

5.7 Dimension of Divisors

Let X be a smooth projective variety and let D be a divisor on X. Define
L(D)={0tu{f e C(X):div(f) + D = 0}.

Then L(D) is a C-vector space of finite dimension.

[5.7.0.1] DeriniTION (Dimension of a Divisor). The dimension of a divisor D is

¢(D) := dim¢ L (D).

Basic Bound

[5.7.0.2] THEOREM. Let X be a smooth projective curve and D a divisor on X. If D is
effective or a 0-divisor, then
/(D) < deg(D) + 1.

If D=Y a;p;, then deg(D) =Y a;. In particular, this theorem implies ¢(D) is finite. If D =0, then
L(D)=C[X]=C,

so ¢(D) = 1. Since deg(D) = 0, we obtain equality:
/(D) =deg(D) + 1.

Case X =P!

If D~ D/, then £(D) = £L(D'). Thus we may assume
D =deg(D) - pq.
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Then
L(D) = {0} u{f eCP):div(f) + D = 0}.

This means f is regular on P!\ {p,} and has a pole of order at most deg(D) at p,. Choose an affine
chart
P!\ {pa} 2 A;.

: . 1 .
Then f € C[#]. Using the coordinate u = 7 hear pa, the condition becomes

deg(f) < deg(D).

Hence
L(D) = {f e C[t] : deg(f) < deg(D)} = CIe8DI+1,

Therefore

¢(D) =deg(D) +1.

Nontrivial Case: X # P!

Let X be a smooth projective curve not isomorphic to P!, and let

D=peX.

Then
L(D) = {0} U{f € C(X) : div(f) + p = O}.

Thus f is regular on X\ {p} and has at most a first-order pole at p.

Proof. If f has no poles, then f € C[X], hence f is constant.
Assume f has a first-order pole at p. Then f defines a morphism

f:X—-P.

Since the pole has order 1, we have deg(f) = 1. Thus f is an isomorphism, implying X = P!, a
contradiction.

Therefore f must be constant. Hence

L(D)=C, ¢(D)=1.

Since deg(D) = 1, we obtain
/(D) =1<deg(D)+1=2.

This shows that equality ¢(D) = deg(D) + 1 does not hold in general.
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Differential Forms

6.1 Regular Differential 1-Forms

Let X be a quasi-projective variety. We define regular differential 1-forms on X. Let f be a regular
function on a neighbourhood U of a point x € X, so f € C[U]. The differential of f at x is denoted

defeT,
the cotangent space at x. If X = A” with coordinates ti,..., t,, then T, =C". For f = t;, we have
d,t;:C"—C,
which is the projection onto the i-th coordinate. More generally, for f € C[ty,..., t,],
dyf:C"—C, (ug,...,up) — l:il g—£ xu,-.

If X is not affine, we work locally on affine neighbourhoods. Define

(I)(X):{(p:X—» ] Ty (p(x)eT;}.

xeX

[6.1.0.1] DerIinITION (Regular Differential 1-Form). A regular 1-form on X is a function ¢ €
®(X) such that for every x € X, there exists a neighbourhood U of x with

ply=)_ fidgi
7

where f;, g; € C[U].

Equivalently, using sheaf language, a regular 1-form is a global section of the cotangent sheaf.
Explicitly,

Y fidgi:U— [Ty *Eifi®@ds
i xeU

69
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[6.1.0.2] REMARK. Let Q[X] denote the set of all regular 1-forms on X. Then Q[X] is a C[X]-
module.

We have the natural differential map
d:C[X] — Q[X]
f = (x — dxf),

which satisfies
d(f+g) =df+dg, d(fg)=fdg+gdf.

[6.1.0.3] THeEOREM. If X is projective, then Q[X] is a finite-dimensional C-vector space.

Since X is projective, C[X] = C, so Q[X] is naturally a C-vector space. Define

dime Q[X] := h'°.

If X is a smooth projective curve, then h'? is the geometric genus of X.

6.2 Rational Differential 1-Forms

Let X be a quasi-projective variety. A function f € C(X) is rational if it is regular on some open dense
subset U c X, i.e. f € C[U]. Analogously, define Q(X) to be the space of all rational differential 1-
forms on X. The choice of U does not matter: if w € Q(U) and o’ € Q(U’) agree on Un U’, then
they define the same rational 1-form on X. The space Q(X) is a C(X)-vector space. Indeed, for
w,w' € Q(X) and f e C(X),

w+0' €QX), fweQ(X).

Dimension

We claim
dim@(X) Q(X) = dlm(X)

Affine Case

Let X = A" with coordinates ti,..., t,,. A rational 1-form has the form
Y fidgi  fingieCX).
i

Then
{dtl,...,dtn}
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forms a basis for Q(X) over C(X). Hence

dimC(X) Q(X) =n-= dlm(X)

Projective Case

If X =P", then
QP" =0,
since all regular functions are constant. However,
QP™

is an n-dimensional vector space over C(P"). Moreover,
QP™" = QA"
on affine charts.

Birational Invariance

In general, if X and X’ are birational varieties, then there is a natural identification

Q(X) = QX.

6.3 Behavior Under Maps of Differential 1-Forms

Let X,Y be quasi-projective varieties and let ¢ : X — Y be a regular map. There exists a pullback
map on 1-forms

" QY I=0IX].
Example
Let ¢ :Al — Al be defined by ¢ — u = tF. Then
*QIALI-Q[AL]

¢
is given by
fwdu— f&de®, di* =k*dr.

[6.3.0.1] THeorEM. If X,Y are smooth projective varieties and birational, then

Q[X] = Q[Y].
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If X is birational to Y, there exists a rational map ¢ : X --+ Y. Then ¢ is regular on some open
subset U € X. For w € Q[Y], the pullback

@)

is a regular 1-form on U, hence a rational 1-form on X.
[6.3.0.2] THEOREM. If ¢ is birational, then ((pIU)*“’ extends to a regular 1-form on X.

Thus ¢ Y1~ js well-defined even when ¢ is only rational, provided X, Y are smooth projective
varieties. Consequently,

dimQ[X] =dimQ[Y],

so these dimensions (the Hodge numbers h'"?) are birational invariants.

Canonical Divisor

Let w, 0’ € Q(X) be nonzero rational 1-forms. Since Q(X) is a 1-dimensional vector space over C(X)

(when X is a curve), we have

o' =gw

for some g e C(X). Thus
div(w') = div(g) + div(w).

Since div(g) is principal, we obtain
div(w) ~ div(w").

Hence div(w) defines a well-defined class in CI(X), called the canonical class Kx.

Relation with £(K)

For a divisor D, recall
L(D)={0tu{f e C(X):div(f) + D = 0}.

Then
L(Kx) ={0}u{f e C(X):div(f) + Kx = 0}.

Since Kx = div(w),
div(f) +diviw) =20 < div(fw)=0.
Thus fw is a regular 1-form, so
L(Kx) = Q[X].
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Example: X =P!

. 1 Do .
Let P! = Al UA! with ¢ = —. Take w = dr, which is a rational 1-form on P!. On Al, we have
u

div(w)IA% =0.

On Al, since

1 1
== dt:——zdu,
u

u
we obtain
div(w)la1 = div(-u"?) = —2{u = 0}.
Hence
deg(Kx) = —-2.
Problem

Show that the rational differential form dx is regular on the affine curve

X:{x2+y2:1}.

d
If y #0, then s clearly regular. If y = 0, this occurs at two points p, p2. At these points, tangent
Y

: o dx . . .
vectors are vertical, so dx = 0 on all tangent directions. Thus — appears indeterminate. Using the
y

relation

¥ +yr=1,

differentiate to obtain
dx dy

2xdx+2ydy =0,
xXax yy = y P

. . dx .
This expression is regular at p;, po. Hence — is regular everywhere on X.
y

Structure of Q'[X]

We claim E
Ql[X] = C[X]7x.

dx . .
First, ax is regular, and Q'[X] is a C[X]-module, so
y

dx 1
C[X]7 c Q' [X].
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Conversely, let w € Q'[X]. Then w € Q(X), and since dimQ(X) = 1, we can write

W= f%, feCX).

d
Since w is regular and 2% has no poles, we must have f € C[X]. Thus
y

1 dx
Q' [X] e C[X]7

Therefore,

1 dx
Q' [X] = C[X]T.

6.4 Hypersurfaces

Let X c P2, In this section we want to describe the space of regular 1-forms Q[X], when X is
a smooth curve in P?, and calculate the dimension of Q[X] and the canonical class K,. Let X =
{F(xp, X1, Xx2) = 0} a curve of homogenous polynomial of degree d. Assume that X is smooth. The

. OF . )
only solution to —= 0 for all i and F =0 is the point [0:0:0] ¢ P%. F(xo,X1,%2) = x5 + X] + X,
X

defines a degree 4 smooth curve in P2, Let U = A? be the affine chart where xj # 0, implying affine
coordinates on U are y; = — L and y2 = —. Denote G € C[y, y»] as a polynomial in y;, y» such that
Xo

G(y1,y2) = F(1,y1,y2. We can then define G=1 +y1 +y2 so {G = 0} defines an affine curve XnU. If

0G 0G
— #0, then w is regular. Assume P 0: first note that we can write

0y N
1 1
056 =g
oy 0y>

Equivalently,

0G 0G

dG=—dy+—dy, =0
0y 0y2

This equation is satisfied on the curve X n U, because this equation is the equation of the tangent

. . . . oG
space to the curve. That is G = 0 implies dg = 0. Since X is smooth, we cannot have both Frie 0

»1
0G .. 0G 0G 1 .
and — =0. So, if — =0, we must have — # 0. In this case, w = —=dy; is regular. Therefore
6y2 6y1 6y2 GG
5)’2

w is a nowhere zero regular 1-form div(w) =0 on X nU. That is w has no zeroes and no poles,

meaning w = —dy; and is regular respectively.

oG
6y2
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. . . . X X
Consider the other affine chart V = {x; # 0} with coordinates z; = =0 and 2y = 2 Hence XNV =

X1 X1
{H(z1,22) = 0}.

We don’t have to look at the third chart.

Figure 6.1: Because P>\ {UuV}=p

We can always choose X to avoid this point. So, div(w) =0 on U and div(w) = (d —3)D on V. Thus
div(w) = (d —3)D on X is a canonical divisor of class K.

The degree of Kx is deg(Kx) = d(d —3). If d =1 meaning X = P! line, then deg(K,) = -2. If d =2
meaning X = P! a smooth conic, then deg(Kx) =2(-1) = —2.

6.5 Riemann-Roch Theorem

Let X be a smooth projective curve. Let Kx denote the canonical divisor class. For a divisor D,
define
L(D) ={0}u{f € C(X):div(f)+D =0},

and
¢(D) = dim(L(D)).

Recall that £(Kx) = Q[X]. Thus
/(Kx) =dim(Q[X]) = g.

If X cP? is a smooth curve of degree d, then
_d-1d-2)
8= > .

If d=3, then g=1. If d =4, then g =3. A smooth curve of genus 2 cannot lie in P?, but can lie in
some P”.

[6.5.0.1] THEOREM. Any smooth projective curve can be embedded into P3.
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The projectivization satisfies
P(L(D))={D'=0:D" ~ D}.

[6.5.0.2] THEOREM. (Riemann-Roch) Let X be a smooth projective curve and D a divisor
on X. Then
¢(D)—¢(Kx — D) =1- g +deg(D).

The difference ¢(D) — ¢(Kx — D) depends only on g and deg(D). However, ¢(D) itself depends on
the divisor. Let X be a curve with g> 0. Let D; =0. Then deg(D;) =0 and £(D;) = C[X] =C. Thus
¢(D;) = 1. Let D, = p— g for distinct points p, g € X. Then deg(D>) = 0.

Proof. If £(D;) > 0, then there exists f € C(X) with a simple zero at p and a simple pole at g. Thus
f: X — P! has degree 1, hence is an isomorphism. This contradicts g > 0. Therefore ¢(D,)=0. B

Thus deg(D,) = deg(D,) but ¢(D,) # ¢(D;). Applying Riemann-Roch:
{(D1)-¢(Kx)=1-g

implies
¢(Kx) =g

l(Dy)—¥l(Kx—Dy)=1-g
implies
0(Kx-Dy)=g—1.
Taking D = Kx in Riemann—-Roch:
0(Kx)—£(0) = 1 — g +deg(Ky).

Since ¢(Kx) = g and ¢(0) = 1, we obtain
g-1=1-g+deg(Ky).

Hence
deg(Kx) =2g—2.

For plane curves:
deg(Kx) = d(d - 3).

Thus R
dd-3)=2g-2 = g:¥_
If deg(D) > 2g —2, then deg(Kx — D) < 0. Thus ¢(Kx — D) =0 and
¢(D)=1-g+deg(D).
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[6.5.0.3] THEOREM. Let X be a smooth projective curve and f € C(X) with w € Q[X]. Then
)" Resy(fw)=0

xeX

Pick a local coordinate ¢ around x such that

Then

Proof. By Cauchy’s formula,

Summing over poles py,..., pn:

ZResp (fw) = ZL;[ fo.

By Stokes’ theorem,
1
271 Jx\UD; !

Locally fw = g(t)dt, so
dgndn =g (dtndt=0.

Thus the sum is 0. [ |

[6.5.0.4] THEOREM. If g =0, then X = P!

Proof. Let D = p. Then deg(D) =1>2g—-2=-2. Thus
{(D)=1-0+1=2.

So there exists a non-constant f € C(X) with a pole of order at most 1. Thus f defines an isomor-
phism X =P |

[6.5.0.5] THEOREM. If g =1, then Kx ~ 0.

Proof. We have deg(Kx) =2g—2 =0. Since ¢(Kx) = g = 1, there exists an effective divisor linearly
equivalent to Kx. The only effective divisor of degree 0 is 0. Thus Kx ~ 0. [
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[6.5.0.6] THEOREM. If g =1, then X is isomorphic to a cubic curve in P2,

Proof. Fix pe X. Then ¢(p) =1, ¢(2p) =2, and ¢(3p) =3.
Thus there exist functions x € £(2p) and y € L(3p) with poles of order 2 and 3 at p.
The map (x, y) : X — P? is an embedding.

Consider L(6p). Its dimension is 6. The functions 1, x, x2, x3, y, %, xy lie in £L(6p) and are linearly
dependent.

This gives a cubic relation in x, y, so X is a cubic curve. [ |
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